SOME NONLINEAR PROBLEMS ARE AS EASY AS THE

APPROXIMATION PROBLEM

G. W. Wasilkowski

CUCS-148-84




Comp. & Matks. wih Appls. Vol. 10, No._ 475, pp. 351-363, 1984 0097-4943/84  $3.00+ 00
Printed in the U.S.A. ©.1985 Pergamon Press Lud.

SOME NONLINEAR PROBLEMS ARE AS EASY
AS THE APPROXIMATION PROBLEM¥

CUCS-148-84
- G. W. WAaSILKOWSKI

Department of Computer Science, Columbia University, New York, NY 10027, U.S.A.
and Institute of Informatics, University of Warsaw, Poland

(Received February 1984)

Communicated by J. F. Traub

Abstract—In this paper we study the following problem. Given an operator S and a subset F, of
some linear space, approximate S(f) for any fEF, possessing only partial information on f.
Although all operators § considered here are nonlinear (e.g. min f(x), minjf(x)|, 1/f or |ifl), we
prove that these problems are '‘equivalent’’ to the problem of approximating S(f)=f, i.e. S=/.
This equivalence provides optimal (or nearly optimal) information and algorithms.

1. INTRODUCTION

There are many papers dealing with the following problem: approximate an element f which
belongs to a subclass F; of a linear normed space possessing only partial information on f.
For many subclasses F, we know optimal information, optimal algorithms and we know
that adaptive information is not more powerful than nonadaptive information. (See e.g. [l.
4]). This is an example of a linear problem; that is one wants to approximate S(f) for a linear
operator §S.

The situation is quite different for nonlinear problems; that is one wants to approximate
S(f) where S is a nonlinear operator. Nonlinearity of S usually makes the problem of finding
optimal information and optimal algorithms more difficult.

In this paper we give sufficient conditions for a nonlinear problem to be equivalent to
the problem of approximating S(f) =f. This equivalence leads to optimal (or nearly
optimal) information and algorithms for this nonlinear problem. We will present some
nonlinear problems for which these sufficient conditions hold.

We summarize the contents of this paper. In Section 2 we present the basic definitions
and results which will be needed in this paper. We define what we mean by a problem,
information and an algorithm. We recall the concept of the error of an algorithm and of the
radius of information. We show how these concepts become simpler for the problem with
§=1, i.e. S(f)y=f. In Section 3 we prove two simple lemmas which give sufficient
conditions for a nonlinear problem to be equivalent to the problem with S=/. We illustrate
these lemmas by such problems as approximation of S(f)=1/f or S(f)=VJ where f is a
function. In Section 4 we consider the problem of estimating S(f)=|fll. In the last section
we study three problems which are related to the problem of finding the minimum of a given
function f.

For all these problems we exhibit nearly optimal information and nearly optimal
- algorithms. We also prove that adaption does not help.

2. BASIC CONCEPTS

In this section we present the basic definitions and results which will be needed in this
paper. A more detailed discussion can be found in [3] and [4]. _
Let F,, F, be linear spaces and let F,, be a subset of F,. Let § be an operator

S:Fyx R, 2R @.1)
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such that for every feF, and 6 >0

5(¢.8)#0 2.2)
S(f. 6)=S$(f. ;) whenever 6, <9,

By the (S, Fy)-problem we mean the problem of constructing an element g = g(f)eF, such
that

g(NeS(f.6), VfeF, @2.3)
for a possibly small number 4.

To solve this problem we used an adaptive linear information operator N (briefly
information operator or information) which is defined by

N(/) = [Ll(f)) Ll(fr yl)a .0y Ln(f9 Y y2a TRRT) £ l)] (2'4)
where

=y =L(f), yi=yHH=L(f; y,, . . . Yi-1)

and
df
LiA)=Li(5y - -y ):F>R 2.5)

is a linear functional, i=12,...,n. If L, does not depend on f, ie., L,=L, for
i=1,2,...,n, then N is called nonadaptive. By the cardinality of N we mean the total number
n of functional evaluations, card (N)=an.
Knowing N(f) we construct g(f) by an algorithm ¢, i.e. g(f) = @ (N(f)). Here by an
algorithm ¢ using N we mean any mapping ’
@ :N(Fo)—F,. . (2.6)
The error of ¢ is defined as
e(9.N:5,Fo) = inf{5=0:V fEF,, o(N(NES(f B)}. 2.7
Let &(N) be the class of all algorithms using ¥,
B(N) = {p: N(F)—~F}.

By the radius of N we mean

r(N; 8, F)) = inf e(p,N; S F,). 2.8)
Ped(N)

Thus the radius r(N; S, Fy) is the sharp lower bound on errors of algorithms using N. An
algorithm @ *, ¢ *e®(N), is optimal iff

e(@*, N; S8, F)=r(N; S, Fy). (2.9)

Let W7 be the class of all adaptive linear information operators of cardinality not greater
than n and let W be the subclass of W3 consisting of all nonadaptive linear information
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operators. The nth adaptive radius for the (5,F,)-problem is defined as

ro(n; S.Fo)= inf r(N:S.F,) (2.10)
NEWS:

and the nth nonadaptive radius for the (.§',F0)-problem as
re®(n;S,Fo) = inf r(N:§,Fy). .11
NEVS™

Of course, r**(n; S. Fy) = r*(n; S.1,).
We shall say that N'* is an nth adaptive (or nonadaptive) optimal information operator for
the (8, F,)-problem if

N*€WY? (or N*EY™)

r(N*; S, F)=r'n;$,Fy) (or =r*>°(n; S, Fyp)).

Roughly speaking, the error of any algorithm using an arbitrary information operator of
cardinality at most n is not smaller than the nth radius. The error of an optimal algorithm
using optimal information is equal to r(n;$, F,). That is why we want to find optimal
algorithms and optimal information operators.

Suppose now that the space F, is equipped with the norm || - |lr, and that there exists
an operator S (in general nonlinear),

S:Fy=F, ' (2.12)

such that
8(f,6)={gef:|S) —glr,< 8}, VfeF, ¥5 20. (2.13)
In the (S, F;)-problem we approximate S(f), where the error is measured by |S() — g |5,
Such a problem is called a nonlinear problem. To stress the special form of this problem

we drop the bar over S and denote it by the (S,F,)-problem. For every algorithm ¢ we
have

e(p,N; S, Fy) = sup SO — e (N (2.14)

For a nonlinear problem we can estimate the radius of information as follows. Let NEW?
and

d(N;S,Fy) =sup sup{IS(F) = S(F)lle,, N(F)=N(f), FEFo} (2.15)
be the diameter of N. Then
%d(N; S.F) <r(N; S, F)) <d(N; S, Fp). (2.16)

In many cases we have the left equality in (2.16). This holds for instance, if S is a
functional, i.e. ;=R and | - |, =1-|. Note that d(N; S, F) has a relatively simple form
and provides a rather sharp estimate of r(N; S, Fp). We also know that any interpolatory
algorithm is nearly optimal. By an interpolatory algorithm we mean any algorithm
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©’e®(N) such that

@'(N(f)) = S(f) for some feF, and N(f) = N(f).
Then
r(N:S.Fo)<e(¢',N;S,Fo)=<d(N;S,Fo)<2r(N:S.Fy).

Hence the error of ¢’ differs at most by a factor of two from the error of an optimal
algorithm.

We now consider a very special problem defined as follows. Let F, be equipped with
the norm | - |5, let S = 7 be the identity operator and let F, be balanced and convex (i.e.
fEF,implies — fEF,, f,, fy€EF,impliestf, + (1 — 1) f,EF,, Vt€[0, 1)]). Then the (/, Fy-problem
is called the approximation (I, Fo)-problem or briefly the approximation problem. For the
approximation problem it is easy to find the diameter of N. Indeed, let N*™* be an
nonadaptive information operator. Then

dN"5 1L F) =2 sup  |lAlf,. .17
heFgnker N
For an adaptive information operator N° of the form (2.4) we have
d(Np I, F)) <d(N% 1, Fy) S sf:xrp d(N; I, Fy) (2.18)
0

where, as in (2.5), N,={L,,...,L,] is a nonadaptive information operator.
From (2.16) and (2.18) it follows that

1
r(n; LE)<sr(n; I Fy)) < 3 ré(n; I, Fy). 2.19)

Thus adaption does not essentially help for the approximation problem.

3. TWO LEMMAS

In this section we prove two lemmas which will be used in the next sections. These
lemmas provide lower and upper bounds on the diameter of information for a nonlinear
(S, Fy)-problem. We estimate the diameter of N for (S, Fy)-problem by the diameter of N for
the approximation (I, Fy)-problem for some £, which depends on F,.
LeEmMa 3.1

Suppose there exist: (i) an element f*€F,; (ii) a balanced and convex subset F,CF,; (iii)
a positive constant m such that

f*+hEF, VhekF,

and

max {|S¢*) = S0 = #)||s, [SI*) = S¢* + h)|s,
IS¢* ~ 1) = S¢* + W)ln 2 mh], VheFo

F)Y

Then for every information operator N, NE Ve,

d(N; S, F) > % md(Np; I, Fo) (3.1
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and

ri(n:S. Fy) > % mre*s(n; I, Fy). (3.2)

Proof. Let hEF Nker Ni.. Then f**h€F, and N(f*)=N(f*=*h). Due to (2.15) and
2.17),

d(N:S.Fo)= sup  max {IS(f*)—S(f*— A, (3.3)

hEFNker Ny

”S(f‘) - S(f. + h)"f'z’ uS(f. - h) - S(f‘ + h)”Fz}

1
>m _sup ||h||Fl=§md(N,.;1,Fo).

lE;of\kch,c
This proves (3.1). Since N, is nonadaptive, d(Np; I, Fy > r*® (n; I, Fy) and (2.16) yields
(3.2). 0O

LEMMA 3.2
Suppose there exists a constant M such that

||S(f|) —S(fz)"r‘,$M||f| _fzuf. , vflvaEFO- (3.9)

Then for every information operator N, NE\?:,
r(N;S,Fo)SM sup r(N;I.Fy) 3.5
f€F,
and
ri(n:S,Fo)=Mr°(n;l,F,). | (3.6)
Proof. Let ¢ be an arbitrary algorithm for (/,F,)-problem. Define

es(N () = S(@(N()).

then g is an algorithm for (S, Fy)-problem whose error

e(@s.N;S,Fy) = ngp ISCF) — es(N(HII
=sup () — SN
=M sup If — (NI
f€f,
=M e(¢.Nil,Fy).

This and arbitrarity of ¢ prove (3.5). Since (3.6) easily follows from (3.5) and (2.16) the proof
is completed. (]

We illustrate Lemmas 3.1 and 3.2 by the following problem. Let F, = C[O0, 1] be the space
of continuous functions with the sup norm

1Al =l = sup |f(x)].
- 1€{0.1)
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Let Fo={fEF,:f(x)E[1,3], |f' (x)|=1, VxE[O, 1] a.e.} and let g be a function,
g:[1, 3R 3.7
such that g“(x)e[m,, M,]. Define S: F,—F, = F, as

S() (x) = g(f(x)). (3.8)

We now apply Lemma 3.1. Take f*(x)=2 and F={heF:|h| <], h'(x) <1,
Vxel0, 1] a.e.}. Then f* + heF, for every heF,. Furthermore for every hef, we have

IS¢*) = S +h)] = sup lg(/*(x)) - g(*(x) + h())
and due to the Taylor expansion of g we get
|SG*) =S¢+ bl 2 my sup k)l = m 4]
Hence Lemma 3.1 holds with m =m, and
d(N;S, Fy) 2 % md(Np; I, Fy). ‘ 3.9

We now apply Lemma 3.2. Using once more the Taylor expansion of g we easily
conclude that |S(f,) — S()| < Mi|fi - £, V£, f:€F,. Hence,

r(N; S, F)) s M\r(N; I, Fy). (3.10)
It can be proven that for every information N
d(N; S, F)) =2r(N; S, Fy),
dN; I, F)=2r(N; I F)
and
d(N; I, F))=2r(N; I, Fy).

Hence,
| -
Em.r(N;I,Fo)Sr(N;S,Fo)SM.r(N;l.Fo)- 3.1

It is easy to prove that

2i—1
2n

N =1fG) fx), ... fx] X = (3.12)
is an nth optimal information for both (7, £) and (/, Fy) problems and

rNSLE)=r(NG L E)=r(n; 1 Fy) = r(n; 1, B) = 1.
n
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This means that N? is an almost nth optimal information for the (S, F,)-problem and

1 e
—m <ri(n:S. F)<r(N% S, F)s-M,.
2n n

For example, if g(x)=1/x (i.e. S(f)=1/f) then m;=1/9 and M, =1, and if g(x)=
Vx (i.e. S(H)= V) then m,=1/2V3) and M, = 1/2. :

4. OPTIMAL ESTIMATION OF |f],.

In this section, we solve the following simple problem. Let Fy be balanced and convex.
Let F; =R with || - [|5,=1-| and let

SO = If|s (4.1)

Thus our problem is to approximate the value ||f] , for every feF,.
THEOREM 4.1
For every information operator N, NEW?,

370 T, F) < r(N: S, F) S r(V: L Fy @“2)
and

! | |

Z"'”“(n;l,FO)SI"(n;S,Fo)Sr”"“(n;I,FO). (4_3)

Proof. Let f*=0 and hEF,. Then f*+hEF, and | |f* - hllr,—lf*lls| =[IAlls,. This
means that Lemma 3.1 holds with f*=0, Fy=F, and m=1. Hence,

1
> d(No;1,Fo)=<d(N:S,F,). VNE Y2,

Observe that [If s, ~ fl,|<Ify = falle,, Vf1.f2EF,. Thus Lemma 3.2 holds with M = 1.
Hence

r(N;S,Fo)<r(N:l,F,), YVNEV?,

% d(No:l Fo)<d(N;S,Fy)<d(N;l,F,), YNEWY°.
Since 2r(N;S.F,)=d(N;S,F,), YN, then
1
" r(Noid ,Fo)<r(N;S,Fo)=r(N;l,Fy) 4.49)

which proves (4.2). Since adaption does not help for (I,F,)-problem (4.3) easily follows
from (4.2). This completes the proof. d
This theorem states that the problem of estimating the value of S(f)=|(fll, is
equivalent to the approximation (I, F,)-problem. Hence every nth optimal information
operator N* for (I, Fy)-problem is also nearly optimal for the (S, F,)-problem. Since this
problem is an example of the nonlinear problem we know that every interpolatory
algorithm ¢’ using N is almost optimal. We illustrate this by the following example.
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EXAMPLE 4.1

Let F, be a separable Hilbert space and,Fo={fEF,:||Tﬂ|Flsl} where T:F,—F, is a
one-to-one linear operator. Let K, =(T~")*(T"'). We assume that K, is compact. Then
there exists an orthonormal basis &,,{;...., such that K,{;=\;{; and A\, =\,...=0. Define

N*(.F)':[(fJ.;l)v(.fvcl)v""(frcn)]' ) (4'5)

From [4] we know that N* is an nth optimal information operator for the (/,f,)-problem
and

r(N*LF)=r'(n; L Fo) = \/2n 1. 4.6)
Due to Theorem 4.1 we get that N* is nearly optimal for the (S, F)-problem and
riN*8,Fo)=c, VN, . =cr(n;S,Fy) 4.7

where ¢,, c,E[1/4, 1]. Let ¢'EDN*) be defined as

S (000

im]

P! (N* () =

n 172
= {Z 72 492} . (4.8)

Since ¢’ is interpolatory then ¢’ is nearly optimal and
e(e’, N* S, F) =cr(N*; S, Fy)

where ce€[l, 2.

5. MINIMUM FUNCTION PROBLEMS i
In this section, we solve some (S, Fy)-problems which are related to the estimation of the
minimum of functions from a given set Fo. We prove the equivalence between these problems
and the approximation (I, F,)-problem. Since for many subclasses F; we know an nth
optimal information N* for (I, Fy)-problem, this provides a nearly optimal information for
the (S, Fy)-problems. :
Let F, = C[0, 1] be the space of continuous functions with the sup norm, i.e.

Wlls = Wl = sup VG

Let F, be a balanced and convex subset of F,. We consider three problems in the successive
subsections.

(i) Minimum-value problem
Let

Sl(f)= minf(x), S[ZFO—’R = Fz. (5.1)
x{0, 1]

Consider the (S,,F,)-problem, i.e. we want to approximate the minimal value of f for every
fEF,. Of course, this is a nonlinear problem.
THEOREM 5.1

For every information operator N, NEV?,

lr(No;l,Fo)Sr(N;Sl,FO)SS\Jp r(Ns; 1L, Fo) (5.2)
2 . fEF,
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and
% romlL Fo)=ri(niS, ,Fo)=< r™(nil .F,). (5.3)
?

Proof. Take f* =0. For heF, define
h_(x) =min (h(x), 0) and A, (x) = max (h(x), 0).
Then
IS1(f*) = S, (F* + )| =[S, (h)] =| g:;f}l h(x)| =l _]

IS.(f*) = Si(F* - Wl =[S\ (- m) =] max ()| = ..

Since max {||la_||, 4.} = Il then Lemma 3.1 holds with Fy=F, and m=1.
Hence 1/2 d(No,I,Fo)<d(N;l,Fo). It is known that 2r(N;l,Fo) =d(N;[,F,). Since S, is a
functional then 2r(N;S,,F,) =d(NS,.F,), YN. This proves the left hand side of (5.2).

To prove the r.h.s. we apply Lemma 3.2. There exist «;, a,€{0,1] such that S\(f) = f(a),
i=1, 2. Without loss of generality we can assume that f,(a,)=f(a,). Then

11 = S\l = file) ~ fi(@) S fi(@) — fil)
i)~ £ < I~ Al
Thus Lemma 3.2 holds with M = 1. Hence
d(N;S§,Fo)=2r(N;S,,Fo)=2r(N:1,F)=d(N;l,F,).

This proves (5.2). Since (5.3) follows immediately from (5.2), the proof is completed. (J
We specify Theorem 5.1 by taking A

Fy={feF,:f*~" abs. continuous, ||f*|, < 1}. (5.4)
From[2] we know that the information operator
2i—-1

N*(D=[fx)fx), - - f&)), X = = (5.5)

is nearly optimal for (I,F,)-problem and
r(N*;1,Fy)=6(n"")=r(n;l,Fy).
Due to Theorem 5.1 we get that N* is nearly optimal for (S 1.Fq)-problem and
r(N*:.S\,Fo)=6(n"") =r%(n;S,,Fy). (5.6)
From Section 2 we also know that every interpolatory algorithm ¢‘e® (N *) has the error

e(p!, N*; S, F)=68(n"). (5.7
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(it) Modulus minimum-value problem
Let

S« = qa((i)r:llf<x)|(=8.(lf|)). (5.8)

and consider the (S,,Fy)-problem. Thus, we now approximate the minimum of the absolute
values of f(x). It is easy to observe that Lemma 3.2 is satisfied with M = 1. Indeed, for f,,f.EF,,

1S2(F1) = S:(F| = If 1 (BD| = |f2(BIII=HSf ) — Fll where So(f) =|f«(B)|. Hence

r(N;S,,Fo)=r(N;1 F,), VNEWS,
Assume that there exists a positive constant ¢ such that
fe(-)=c€EF,. (5.9)
Define Fy(c) as follows:
Fo(c)={hEF.f.+hEF, and ||h||=c}. (5.10)

Of course, Fy(c) is balanced and convex. Furthermore for every h€Fy(c) we have f.+hEF,,
|S2(f0) —Sofe+WI=h-|| and [Sy(f)—S(fe—h)|=||h.|l. Hence Lemma 3.1 holds with
Fo=Fy(c), m=1 and f*=f.. Since S, is a functional then

2r(N.; I F(c)) < r(N; S,, Fy).

We summarize this in the following theorem. <
THEOREM 5.2
For every information operator N, NEWs3,

1
2 r(N; LF(c) ST(N; S, F)Sr(N; L Fy) (5.11)
and
%r“"“(n; I Fyc)) < ré(n; S,, Fy) < r™°(n; I, Fy). (5.12)

We specify Theorem 5.2 by taking F, defined by (5.4) with r=1. Then for every
positive ¢, f.EF, and Fy(c) ={hEFy: [|h|=c}. Hence

1 1
3 ro(n; 1, Fo) < 5 sup r(Np; I, Fo(c)) S 1 (N; Sy, Fy).
This means that for the (S,, Fy)-problem we have
1
5 r*o(n; I Fy) < r(n; S,, Fo) < r°°(n; 1, Fy). (5.13)

Let N* be defined by (5.5). Then N'* is nearly optimal also for this problem and
r(N*:5,,F)=68(n~") =r%(n;5,.Fy). (5.14)

Every interpolatory algorithm ¢'ed(N*) is also nearly optimal.
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(iii) Minimum point problems

We considered in (i) and (ii) the problems of approximating the minimal value of fand
|/ respectively without constructing points at which these values are attained. We now
consider the problem of approximating a point a=a(f) such that f(a)=S,(f)
(=min {f(x); x€[0,1]}). (We do not consider the problem of approximating B=B(f)
where f(f)=S,(f) since they are similar.)

For fE€F, let

P(f)={a€I0, 1]:f(a)=5,(N} (5.15)

Thus, P(f) is the set of all points a for which f(a) is minimal. Our problem is to construct
x=x(f) which approximates P(f) in some sense.

Absolute error criterion. Let dist (P(f),x)=inf {llx—af:aEP(f)}. Suppose we want
to construct x =x(f) such that

dist (P(f), x) is small for every feF,. ' (5.16)
In our terminology this is an (S}, Fy)-problem with $; defined by
S5(f,8) = {xER:dist (P(f),x)=8}. (5.17

Note that this is not a nonlinear problem.
THEOREM 5.3
Suppose that C*[0, 1]Clin (Fy). Then for every information operator N, NEW?,

- - 1
T(N;SJ,F(,):"‘(";S3,F0)=§- (5~18)

Proof. Take @*€D(N), ¢*(N(f))=1/2. Since for every fEF,, dist (P(f), 1/2)=<1/2
then

1
r(N; Sy, F)<e(p*, N; 8y, Fy) < 3

We now prove that r(N:S‘;,FO)zll2. Take an arbitrary algorithm ¢E®(N) and §>0.
Since C®[0, 1]Clin(F,) then there exist h,, hEF,NkerN, such that S§,(h;)<0,
supp #,C[0, 4] and supp h,C[1 =4, 1]. Let x=p(N(0)) = @(N(h;)). Then

. 1
e(o, N; 8, Fo) = max {dist (P(h)), x), dist (P(hy), x)} 2 3 s.
Since ¢ and ¢ are arbitrary then

f(N;S,Fo)zé.

This means that r(N;S;,F,)=1/2. Since N is arbitrary this completes the proof. d
This theorem states that we cannot approximate any point a at which f is minimal with
absolute error less than 1/2.
We now change the error criterion.
Residual error criterion. Suppose we want to construct x = x(f) such that

f(x) = S\(f) is small for every fEF,. (5.19)
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In our terminology this is an (S, F)-problem with §, defined by

SUf, 8) = {xel0, 11:£(x) - S,(f) < 6}. (5.20)
This is not a nonlinear problem and we cannot apply Lemmas 3.1 or 3.2. However we can
give upper and lower bounds on r(N:S,F,) using Theorem 5.1. For this purpose we need

the following definition.
Let N=[L,,L,, . . .,.L,JEW¥?, >0 and ¢,EP(N) be a d-optimal algorithm, i.e.,

e(@s N; S, Fo) <6 +r(N; S, Fy).
Let Ny,EWe, |,
N =INEF@) (=L, - - LiFirs - - Yami)s F@)) (5.21)

where z=z(f,8) = @s(N())-
THEOREM 5.4
For every information operator N, NEWV¢, and 8>0

r(Ny;S,.Fo) — 8=(N:S,,Fo)<2r(N:l . Fy) (5.22)

and

1
3T+ L L F) <ri(n; Su F) S 2r°™(n; I, F,). (5.23)

Proof. Let ¢4(Ni()) g f(z). Of course, ¢p,P(N;) and

’(Na; S), Fy) < e(@s, Na; S, Fy) =e(@s N; Su F)<r(N; Su F)+46

which proves the left-hand side of (5.22). We now prove the r.h.s. Without loss of
generality we can assume that r(N; I, F;) < . For feF, let

VIN,H)={fEF:N{F)=N(f)}.
For x€[0, 1] let
g(x)= inf f(x), 5(x)= sup F(x). (5.29)
]EV(N.!) }'EV(N.!)

Then g and & depend on N(f) and

|
sup suop” 5 (Gx)—agx)=r(N:1.fo) =%d(N;l.f°)< +o, ¥Vx€[0,1]. (5.29)

JEF, *€{0,
Hence g(x) and &(x) are finite for every x€[0,1]. Furthermore
g(x)<f(x)=&(x). VFEV(N.f), V[0, 1]. (5.26)

For >0 let # be a point such that

g(f)-o < Jnf g(x). ' (5.27)
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Since f depends only on N(f) and & then the algorithm

GN(HN=B (5.28)
is well defined and @e®(N). We now prove that

e(@s N; 84, Fy) <2r(N; I, Fy) + 6. (5.29)
Indeed, for feV'(N, f) let (&) = S,(f). Then

FesN (O - Si(H=FB) - F@)=6(B) - (&)
and due to (5.27) and (5.25)

F@s(N(N)) = S1(H=6(B) — a(B) + 8=<2r(N:L,F,) + 5.

Hence (5.29) is proven. Since 4 is arbitrary we get

r(N,S“FD)SZr(N,I,ﬁ,)

which proves (5.22). Note that (5.23) follows easily from Theorem 5.1 and (5.22). Hence the
proof of Theorem 5.4 is completed. O

Let F; be defined by (5.4). Then N* defined by (5.5) is nearly optimal also for this
problem and

r(N* S, F) = ©(n=)=r(n; S, F).

We end this section by
REMARK 5.1

In this section we studied some problems with balanced and convex F,. This was done
only for simplicity. Similar results can be proven for other sets F, which are not necessary
balanced and convex.

We also assumed that F, consists of real functions f:[0, 1]=R. The similar theorems
can be proven for a more general setting. For example, let A be a compact subset of a
metric space and let F; be a linear space with the norm | - ||r,. Let F, be the space of
continuous operators (not necessarily linear) f:A—F; with the norm |/fl, =slg1i_f(a)l|;3.

Define
SN =inf @l
Then the (S,, Fy)-problem is equivalent to the approximation (, F,)-problem, i.e.
3 L () S 1N: Sy F) STV L F)

(compare with Theorem 5.2).
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