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Abstract.

For a given nonnegative ¢ we seek a point x* that
|£(x*)| < ¢ where £ 1is a nonlinear transformation of the
cube B = [O,l]m into R (or Rp, P > 1) satisfying a Lipschitz
condition with the constant K and having a zero in B.

The information operator on f «consists of n values of
arbitrary linear functiocnals which are computed adaptively.
The point x* is constructed by means of an algorithm which is
a mapping depending on the information operator. We £find an
optimal algorithm, i.e., algorithm with the smallest error,
which uses n function evaluations computed adaptively. We
also exhibit nearly optimal information operators, i.e., the
linear functionals for which the error of an optimal algorithm
that uses them is almost minimal. Nearly optimal information

operators consist of n nonadaptive function evaluations at

equispaced points xj in the cube B. This result exhibits

the superiority of the T. Aird and J. Rice procedure ZSRCH

(IMSL library [l]) over Sobol's approach [7] for sclving non-
linear equations in our class of functions. We also prove

that the simple search algorithm which yields a point x* = X

such that |f(xk)| = min |f(x.)| is nearly optimal. The complexity,

1<3<n

i.e., the mimimal cost of solving our problem is roughly equal

to (K/e)".




0. Introduction.

Let PR dencte the real line, B be the m-dimensicnal
unit cube and let ¢ be a ncnnegative number. Two basic
error criteria are used for cdetermining an approximate

solution x* of a ncocnlinear equation

(0.1) f(x) = 0,

where f£:B » R. (If £:B ~» Rp and p > 1, we show in Section 1
how to transform this to the case p = 1.) Assuming that
f(a) = 0 these two error criteria are defined as follows:
(0.2) root criterion: lx*-all < ¢,

(0.3) residual criterion: ]f(x*)l < e.

We assume that f belongs to the class F of transformations
satisfying a Lipschitz condition in the infinity norm with a
constant K and having a zero in B.

The information operatecr Nn on £ consists of n function
values, or more generaly of n values of arbitrary linear
functionals which are computed adaptively. The approximation
X* to 2 1is constructed by means cf an algorithm » which is
a mapping depending on the information operator.

It was shown in [6] that there exist functions in F

such that for every ¢ < 1/2 it is impossible to find x*




satisfying the roct criterion (0.2) no matter how large is
n and no matter what algorithm is used. Therefcre in this
paper we deal only with the residual criterion (0.3).

We define the radius of an information operator Nn which
is the sharp lower bound on the error of every algorithm using
Nn' For a given information operator Nn consisting of
adaptive evaluations of function values we determine an algorithm
@ which has the smallest error, i.e., which is optimal for the
worst case model. We exhibit information operators Nn,i’
i=1,2,...,n+l which have almcst minimal radius, i.e. are
nearly optimal. We prove that the operators Nn i consist of

]

n nonadaptive function evaluations at equispaced points xj

in the cube B. This result exhibits the superiority of T.
Aird and J. Rice procedure ZSRCH (IMSL library [l]) over Sobol's
approach [7] for solving (0.3).

We also consider the complexity (minimal ccst) of solving
(0.3). It is roughly equal to (X/e)™. Even for K near
unity and moderate ¢ the complexity is large for the high
dimensional case.

We develop two simple search algorithms s* and g** which
use the nearly optimal information operators Nn,i' The

algorithm w* requires the knowledge of the constant K. The

algorithm g** which yields a point x* = X, - such that



f )] = min |£f(x.)]|, does not require the knowledge cf K,
| £(x) |
1<{ign

but its cost can exceed the complexity by a factor of Zm.

The cost of the algorithm ¢, which alsc requires the
knowledge of K, and is'"strongly optimal" is not known.

Sukharev [9] considered the scalar case m = 1. This
paper dgeneralizes Sukharev's results to arbitrary m.

We use however, different notation and proof technigue.
our notation is adopted from Traub and Wozniakowski [10] (see
also [1l1]).

We briefly summarize the contents of the paper. 1In
Sectionl we define information operator, algorithm and specify
what we mean by optimal information operator and optimal
algorithm. In Section 2 we find the radius cof information
operator consisting of adaptive evaluations of function values.
In Section 3 we exhibit optimal information operators Nn,
and the algorithms ¢y, »* and g**. In Section 4 we deal with
the class of general informaticn operators and in Section 5
we find the complexity of the problem (0.3). Finally in Section

6 we pose scme open problems concerning optimal information

operators and algorithms for different classes of functicns.

1. Basic definitions and theorems - formulation of the problem.

m
Let B = [O,l]m be the unit m-dimensional cube of R and



let ||x|| = max |xi| be the infinity norm in Rm. Define G
1<i<m

as the class of functions £:B > R satisfying a Lipschitz

condition with constant K, i.e.,

(1.1) G = {£f:B > R:

£(x)-£(y) | < Klx-y|l, x,y ¢ BJ.
Let F be a subclass of G defined by

(1.2) F=(feG:3a e B:f(a) =0}

For a given ¢, ¢ > 0, define the set

(1.3) S(f,e) = {x € B: |[f(x)]|s €, VYEf € F.

This set is not empty since f has a zero in B. The problem

is to find a point x* satisfying the residual criterion (0.3), i.e.,
(1.4) x* ¢ S(f,e).

Remark l.l: One may wish to solve (l1.4) in the class of
functicng g:B ~» Rp. p > 1, satisfying a Lipschitz condition
and having a zero in B. This problem is, however, eguivalent
to the case p = 1.
Indeed, for a given g:B - BP define the function £,
£:B > R, by f(x) = méx Igj(x)l = Hg(x)”m. This £ satisfies
1<3<p

a Lipschitz condition with the same constant as g. Note that

g(x)il < =3}.

f has a zero in B. Moreover S(f,e) = {x ¢ B:|




Therefore we may assume without loss of generality that p = 1. -

—

To find x* satisfying (l.4) we use an information operator

N, and an algorithm o using Nn' These are defined as in Traub
and Wozniakowski [10].

Let £ € G and

(1.5) N (£f) = [L,(£),L (£ryy) oo L (F2yyseenny q)]

2

where y; = Li(f;yl,...,yi_l) and

df

(1.6) Li’fb) = Lib;yl,.“,yi_l): G+ R

is a linear functional, i =1,2,...,n

does not depend on

If L (-) = Li(.), Y i, i.e., L.

i, f i, f

the previocusly computed values yl""’yi-l the information

operator is called nonadaptive; otherwise it is called adaptive.

The total number of functional evaluations n is called

the cardinality of Nn'
Knowing Nn(f) we approximate x* by an algorithm . which

is a mapping

(1.7) © : N (F) > B.

e error of the algorithm s 1is defined by

(1.8) e(yp) = suplf(w(Nn(f))|.
feF

Thus x* = w(Nn(f)) satisfies (l1.4) for every f in F iff




ely) < e-

Note that if two functions f and ¥ from F have the
same information, Nn(f) = Nn(T), then the value of the algorithm
= 1is the same for f and T, o (N_(£)) = 3(Nn(?)). Thus (1.8)

-/

can be restated as

(1.9) e(y) = sup ey, f)
feF

where the local error e(y,v) is defined by

(1.10) ey, £) = sup{|Ele(N_(£))[:¥ ¢ F,N_(F) = N_(£)].

Define the radius of the information operator Nn (briefly

radius of information) by

(1.11) r(N_) = sup r(N_, %)
n feF n

where the local radius r(Nn,f) is given by

(1.12) r(N_,£) = inf sup |E(x) |:% ¢ 7, N_(5) = N_(£)},
X€EB

Let 3 = &(Nn) be the class ¢f all algorithms using the

information coperator Nn' It is obvious that

(1.13) sup e(s,f) = r(Nn,f), Y £ = F
@€§(Nn)

and

(1.14) inf e(w) = r(Nn).

€3 (N
0€3 (N )



We are interested in algorithms for which e(y,f) and e(y)

. . . SO [Yo] ) )
are minimal. An algorithm g , ¢ € §, 1s strongly optimal

iff
SO
(1.15) e{y ,£f) = r(Nn,f), ¥ f e F.
. o o . . .
An algorithm g, o € 3, is optimal iff
o
(L.16) e(fw ) = r(N_).

n

It is obvious that every strongly optimal algorithm is optimal,
but the converse is in general not true. It may happen that due
to some special properties of £, r(Nn(f)) <L r(Nn). A strongly
optimal algorithm mso takes advantage of this favorable f

since e(@so,f) = r(Nn(f)). For some optimal algorithm @O it

may happen that e(@o,f) = e(mo) >> e(oso,f)-

We are also interested in algorithms for which the errors

o ac

o . a .
e(p) are close to minimal. An algorithm ¢ , € &, 1is

almost optimal iff

(1.17)  ele ) = c r(N)(L+0(l)) as n > =

where the constants c are in the range 1 K <, £ 2.
The radius of information measures the strength of an

information operator. We can solve the problem (l1.4) iff

r(Nn) < e.



For a given n we want to find the functionals in (1l.5)
such that the radius of infermation is minimized. More pre-
cisely let mn be the class cf all. adaptive or nonadaptive,
information operators with cardinality at most n. Then the

. . o o . . .
information operator Nn’ Nn € nn’ is optimal iff

(1.18) r(Ng) = inf r(N).
Neﬂn
i ) ao ao , . .
The information operator Nn s Nn € nn’ is almost optimal iff
ao .
(1.19) r(Nn ) = bn inf r(N) (1L + o(l)) as n > =
Nem

where the constant bn are in the range 1 ¢ bn < 2.

We are now in a position to state the main problems of

this paper.
(1.20) What is the optimal information Ni?
(1.21) What is the minimal cardinality of the optimal

. . o o
information Nn’ such that r(Nn) < e?

(1.22) What is a strongly optimal, optimal or almost

. ) . . . . o
optimal algorithm using the optimal infcrmation Nn?

In Sections 2 and 3 we deal with the information operator

consisting of adaptive evaluations of function values, i.e.,

(1.23) Nn(f) = [f(xl)”"'f(xn)]




where x1 is some point chosen a priori, xl € B, and
=~ PP f(x 1 = 3 PP
Xi xi(f(xl)’ s ( i_l)); 1 2 3, ,
~ . N ~ i-l
where xi is a transformation xi: R + B.

In Section 4 we consider the general information operator
given by (l1.5) and in Section 5 we deal with the problem of

complexity (minimal cost) of solving (l.4).

2. Local Radius of Information

In this section we show how to calculate the local radius
r(Nn,f) see (l1.12), for the information operator consisting
of adaptive evaluations of function values (l.23).

Let y = Nn(f), i.e., y. = £f(x.), j =1,2,...,n. Define

J !
the set

(2.1) Z = Z(Nn(f)) = {ze¢B:37fe¢ F :Nn(”f) Nn(f) and ¥(z)

Thus Z 1is the set of zeros of all functions ¥ in F which

share the same information operator value with £. From the

definition of the class we have
(2.2) Yy - K”x-xjd < E(x) € Yy + KHx-xjH

for all j, x ¢ B and £ € F such that Nn(?) = N_(£).

Define the functions

0}.
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g;(X) = max (y, - KHx—xjH),
1<ign
(2.3)
+ .
gn(x) = min (y. - K”x—xjH).
1<j<n

Thus, in view of (2.2), (2.3) implies that
- +
(2.4) gn(X) < £(x) £ gn(x), ¥ x € B

for all £ € F such that Nn(?) = Nn(f).

Let B(x,r) = (y € R@:Hy—xﬂ < r}. Then it is obvious that

~ n
(2.5) Z2 cZ2Z =B - U. Int B(x,, .| /K).
i=1 ] ijl/ :

Take any z ¢ Z and define the function ¥ by
(2.6) T(x) = max(g;(x),-KHz—xH).

This £ satisfies a Lipschitz condition with the constant K.
Moreover from (2.5) we have K”z-xjﬂ > ij" for all j, which

implies by (2.3) and (2.6) that g;(z) < 0 and F(z) = 0. Similarly

n

Nn(?) = N (f) which means that ¥ ¢ F and z ¢ 2. From (2.5) we

n!

conclude that

n
(2.7) z2 =2(N (f)) =B - Uyaa Int B(xj,lyj|/K).

Define B(cn,rn) as a cube of the minimal radius containing
the set 2. Thus cn is a center of Z and rn is the radius of

Z. Dencte



(2.8) D Kr .

Let T ¢ F and Nn(f) = Nn(f). Then there exists a zero

Hh

Z ¢ z, of such that ch-EH < r,. Hence

(2.9) |?(cn)| = |?(cn) - T(2)| £ K”cn - Z|| < Kr_ =D

n

for all T.

Observe also that
(2.10) |E(x) | < Kl|x - an + [?(cn)| <D+ Kllx - cn:.

- +
Define the functions fn and fn by

(2.11) f;(x) max(g;(x),-Dn - K||x - an),

(2.12) f:(x) min(g} (x),0_ + Klx - c_|.

From (2.4) and (2.10) it is obvious that for all T ¢ F

such that N (f) = N (f) we have
n n
(2.13) £ (0 < Ex) < £(x), ¥ x ¢ B

. - + .
This shows that fn and fn are the envelopes of the functions

We are now ready to prove:

Lemma 2.1l: Let I

[i:yi > 0} and J = {j:yj < 0}. Then

(2.14) r(Nn’f)

min[|yl|,...,lyn[,Dn,dn}, v £ e F,

11

Z

2

e
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where d_ = 1/2 X zpin[[[xi - xjH - yi/K + yj/K}.
1€l
jed

(Assuming that min @ = +w,) O

Proof: If yp = 0 for some p then obviously r(Nn,f) = 0,
Thus we can assume that yp = 0 for all p. ©Note that

Hxi - xjH > yi/K - yj/K ¥Y1i eI and j € J, which implies that
dn > 0.

Denote D = mln(|yl|,...,lynl,Dn,dn]. We first prove that
(2.15) r(N_,f) <D,V £ eF,

Setting x = x_ in (l.12) we observe that r(N ,f ' = I £ .
g b ( ) (N, ) < lyp | (xp)l
Taking x = S in (1.12), (2.9) yields r(Nn,f) £ Dn' Thus it

is enough to prove that

(2.16) r(N ,£) < d, v £

m
|

for nonempty I and J <chocse i_ € I and jo € J such that

0
d = (||x, -x.|-vy., /K+y. /KK/2.
n Lo Jo Lo Jo
Define
(2.17) p=(p *+ pz)/2

where
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"
x
S

(pl} N aB(x, ,y, /K),

0 Jo o to

[
~
~

0 jO 0 0
and 3B (x,y) denotes the boundary of B(x,y).

We now prove

+
(2.18) £ (p) < d_.

From (2.17) we get d_ = 1/2 K(|lx, - x. ||
n lo ]O

Ix, - pyll - %, - B,

= X|p, - p|l. Thus

vyt KHp-ijH Yy K(llp-p,ll + sz-xjoﬂ)

]
o}

=y, +d - vy.
Jo n Jo

The definition of f; implies (2.18).

Similarly we can show that f;(p) > -d . Thus (2.13) yields
1E(p) | < d_ for every T ¢ F such that Nn(?) = N_(f). Hence
(1.12) implies (2.16) and (2.15).

We now prove that r(Nn,f) > D. For an arbitrary x_ € B

0

we construct a function T in F such that Nn(T) = Nn(f) and
(2.19) |?(xo)| > D.
Define ¥ by
_ e oy )
max (£_(x),D Kilxy-x[l) 1f %, £ UjeJB(xj’(D yj)/K),

(2.20) t(x) =

min(f;(x),—D+K”xO—xH) otherwise.
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This f satisfies a Lipschitz condition with the constant K.

Suppose that Xq £ Uj B(xj,(D B yj)/K). If j € J then

eJ
| . iy o — T ;
Jxo xjH % “(D yj)/K. Thus D Kij xOJ < ¥y This implies

i € - | - |
?(xj) f(xj). If i € I then D Kin xoj Ly, so

Il

f(xi) f(xi). Thus Nn(?) = N_(f). From the definition of T
there exists z in Z(N_ (£)) such that Kr - K|z - xOH £ 0,
Thus D - K[z - XO” < 0. Of course f;{z) < 0 which yields
E(z) < 0. Thus T has a zero in B since E(xy) 2D 2> 0.
Therefore T ¢ F. Hence (2.19) holds.

Similarly we can show (2.19) if Xy € UjsJ B(xj,(D - yj)/K).
Note that (2.19) vyields sup[[?(x0)|:f e:F:Nn{?) = Nn(f)) > D
Since Xq is arbitrary, (1.12) implies that r{Nn,f) > D. Com-
bining this with (2.15) we get (2.14). d

3. Optimality Results.

In this section we find the optimal information operator
of the form (l.23), the minimal cardinality n(e) of the infor-
mation operator Nn such that r(Nn) < ¢, and optimal algorithms.

We first assume that the cardinality af N, is of the form

) R -
n= M? - 1 for some integer M, M > 1. The case of genera

will be discussed later. Let

(3.1) w = 1L
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Define the set X* by
= H = i, - o o ] - j =l 'c.o,M’ k=l 21 YY) .
X* [Z € B:z [(231 l)R’ ;(2jm l)R] ]k m}

m
The set X* has M = n + 1 elements. Let xi,x* be

c e, X*
2’ ’Tn+l

distinct elements of X*, i.e., X* = (x*,...,x* _}. Note that

n+l
X* is the set of centers of the cubes B(xz,R) which form the

optimal covering of B. Here optimal covering means that

B c U?ii B(x;,R) and for every pointszj such that B ¢ U?ti B(zj,r)

it may be shown that r > R, see Sukharev [8].

Let us fix i ¢ (1,2,...,n+l} and define a nonadaptive

Nn,i by

(3.2) Nn,i(f) = [f(XE),...,f(xI_l),f(xz+ ), E(x )1.

L
1 n+l

Note that we do not compute f(xz) and therefore the cardinality

cf N i is equal to n. We are now ready to prove optimality

s

of the information operator Nn i

,

Theorem 3.1: For every i ¢ (1,2,...,n+l} the information

operator Nn i is optimal and r(Nn i) = K/(2M), where n = Mm - 1.

’ ’ -

Proof: Let v = KR = K/(2M). We first show that

(3.3)
r(Nn,i) < v,
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Then (2.14) yields r(Nn i,f) < v. We can assume now that

|yj] > v for all j. Let z € Z = Z(Nn i(f))' From (2.7)

k4

z ¢ Int B(x§,|yj|/K). Thus Hz—xg” > v/K = R. Thus
Z € B(xz,R) and consequently 2 < B(XE’R)' From (2.8) we
conclude that D,V and (2.14) implies r(Nn i’f) £ v. Hence

r(Nn J._,f) L v, ¥ £ e F. Taking the supremum we get (3.3).

We now show that for every information operator Nn in ﬂn

there exists a function g in F such that
(3.4) r(Nn,g) = v,

Recall now that the information operator Nn is of the
form Nn(f) = [f(xl),...,f(xn)], where X, is given a priori,

)).

X, € B, and X, = xi(f(xl),...,f(x

1 i-1

Define the function g by

(3.5) g(x) = max (v - K|x - zj”), ¥ x ¢ B
1<ign ‘
where zl = xl and zl = xi(v,v,...,v). Then

i-1 times

(3.6) Nn(g) = [v,v,...,V].

Of course g satisfies a Lipschitz condition with the constant
K. To guarantee that g ¢ F it is enough to show that the set

A =(z eB:gl(z) =0} is not empty. From (3.5) we have

(3.7) A

n
. B(z.,R) n B.
2 U], Bz
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Suppose that A = @. This implies that B < U?= Int B(zj,R)

1
and due to (2.7) Z = @. Thus it is enough to prove that

zZ = Z(Nn(g)) # #. We shall show more by proving that
N
(3.8) Vol(2) > (2R)

where Vol denotes the m dimensional volume.

To obtain (3.8) cbserve that

vol(Z)

Vol(B - u;.‘= B(zj,R)) > Vol(B) - z;’= Vcl(B(zj,R))

1l 1

1 - n2R)™ = (2r)™,

This yields that g has a zero and belongs to F. From (3.8)

we conclude that the radius of Z 1is at least R. Thus from

0
N

(2.8) D 2 vVv. From (2.14) we finally cocnclude that r(Nn,g)

This proves that r(Nn) > v for any information operator Nn.

(]

Theorem 6.1 now follows from (3.3).

Theorem 6.1 says that the nonadaptive information operator
is optimal. Thus even if adaptive information operators are
permitted it does not help. The nodes of the optimal informaticn
operator are given a priori.

There are a number of problems for which the same result
holds. For instance it is known that for the linear problems

adaptive information operators do not help, see [3] and [10].
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There are known cases of nonlinear problems for which adaptive
information operators do not help. See for example [2], [4],
[6], (8], [9], and [1l2].

For some nonlinear problems it may happen that adaptive.
information operators are significantly better than nonadaptive,
see [5], [9] and Chapter 8 of [10]. It may be noted that for
the class F'={£f:[a,h]-R : £(a)<0, £(b)>0 and | £(x)-£(y) |<K|x-y|x,y<[a,b
which is similar to our class F for m = 1, Sukharev proved
in [9] that adaptive information operators are much more power-
ful than nonadaptive. This means that the assumption of
opposite signs at the endpoints is much stronger than the

assumption about existence of a zero.

We now want to find the minimal cardinality of Nn such that

r(Nn) < e¢. Note that Theorem 3.1 states that Nn i is optimal

s

if n 1is of the special form n = Me - 1. We are unable to
\

find the exact radius for an arbitrary n. We can however prove:

Theorem 3.2: Let n(e) be the minimal cardinality of the infor-

mation operator N such that r(Nn) < e¢. Then

m

(3.9) n(g) = ([K/(2¢)1 - a) -1

(]

where a ¢ (-1,0].



19

Proof: Theorem 3.1 states that r(Nn i) = K/(2M) withn =M - 1,

b

To guarantee that r(Nn i) < ¢ we choose the minimal n* such that

E

(3.10) K/(2M*) < ¢, n* = M* - 1,

This yields M* = [K/(2c)?. Suppose that n< g = (M* - l)m - 1.

Then for arbitrary information operator Nn we have

(3.11) r(N) 2 r(Nn,i) =K/ @2M* - 1)) > ¢.

From (3.10) and (3.1l1l) we conclude that n(e) satisfies

(3.12) M - 1)™ - 1 ¢ n(e) ¢ M*" - 1.

This can be rewritten as n(g) = (M* - a)m - 1 with a ¢ (-1,0].

Hence (3.9) is proven.

()

Suppose that K = 2, Then (3.9) implies that n(e) is
essentially equal to (l/a)m. Note that n(e) depends strongly on
the dimension of the problem. Suppose we can solve the problem
using n = lO6 function evaluations. Then the accuracy ¢

6/m

which can be guaranteed is no better than 10 Thus for

- -2
m =1 we get € > 10 6, form= 3, € > 10 and for m = 6,

¢ > 104

We now wish to find an optimal algorithm.
Let Nn be any information operator in nn' Define the

algorithm ¢ by
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. if .| = D,
(3.13) o (N (£)) = c, Lf b, =D,
P if dn = d,

where D, . Dn’ dn and p are defined as in Section 2.
Then (2.14) and (1.10) imply that e(y,f) = r(Nn,f), vV £ ¢ F.

Thus & 1s a strongly optimal algorithm. The combinatory com-

plexity of ¢, i.e., the cost of computing 4 (y) for a given

y = Nn(f) may be large since it requires' the computation of a
center c, of the set Z(y). It is an interesting combinatorial
problem to find the complexity, i.e., minimal cost, of

computing a center of the set B - U?_ Int(B(xj,bj)).

1

For the optimal information operator Nn ; We propose an

algorithm which has combinatory complexity linear in n. Recall
that v = KR. Define g* by

x; if |ly.| > v for all j,

| 2
(3.14) 2 (N 4 (£)) =

x*j otherwise, where

vy = minllyy [redy; o TYg g Pyl

Thus the computation of w = »*(y) for a given y = N i(f)
3

requires only n comparisons. Equations (3.14) and (2.9)

imply that

lf(W)l < min[lylll-.., |yi_l|,|yi+l|,---, |Yn+l|,Dn} = D*.
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From the proof of (3.3) it follows that D* ¢ v. Thus e(p*) < v.
By Theorem 3.1 r(Nn i) = v which yields e(gp*) = r(Nn i)' Hence

«* is optimal. We summarize these results as:

Theorem 3.3: The algorithm g* defined by (3.14) is optimal,

but not strongly coptimal. The combinatory complexity of o* is

equal to the cost of n compariscns. a

We stress that to compute g*(y) we have tc know the con-
stant K. The user may not know K. Thus we propose a third
algorithm which is almost optimal, does not require a knowledge
of K and has combinatory complexity linear in n.

Define ¢** by
* = *
(3.15) © *(Nn,-i(f)) xj

where |yj| = min[|y1L..”|yi_l|,|yi+lL..”|yn+1|}.

We first find the error of this algorithm. Let £ be
a function, f:B -> R, satisfying a Lipschitz condition with the
constant K. If |f(x§)| > 2v for all j then (2.2) shows that

the set 2 = [z¢B: f(z) = 0) is empty. Thus £ £ F. This implies
(3.16) ¥ £ € F 3j such that |f(x§)| < 2v.
Hence

(3.17) e(w**) < 2V.
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Let

(3.18) g_(x) = max (2v - Kllx - x*|).
1<j<n+1 J
j#L

Then g; satisfies a Lipschitz condition with the constant K.

FPurthermore g;(xI) = 0 since there exists jo such that
lx* - x* || = 2R and ||x* - x*|! > 2R for all j. Thus
i Ig j i
g; ¢ F. This and (3.17) yield
* % = =
(3.19) e (gp**) 2v 2r(Nn,i).

This inequality says that o** is almost optimal, see (l.17).
The combinatory complexity of x** is equal to the cost of n - 1

comparisons. We summarize these results as:

Theorem 3.4: (1) The algorithm »** is almost coptimal, and

elp**) = 2e(p*).

(It is not strongly optimal.)
(ii) The computation of »**(y), for a given y = Nn i(f)’
does not require the knowledge of the constant K.

(iii) The combinatory complexity of »** is equal to the

cost of n - 1 comparisons. -

4. General Information Operatocrs

In Sections 2 and 3 we were dealing with the information
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operators (1.23) comprised >f n function evaluaticns at some
adaptively chosen points in the cube B. 1In this section we
shall study the class nn of general informatiocn operators (l1l.5)
censisting of adaptive evaluations of arbitrary linear func-
ticnals. It is surprising that even in the class nn the non-
adaptive information operator Nn {» see (3.2), is almost optimal.

?

This is proven in Theorem 4.1.

Theorem 4.1l: Let n = Mm - 2and n' = (M - l)m - 1 for scme

integer M > 1. Then

(4.1) K/ (2M) £ 1inf r(Nn) < K/(2(M-1)) = r(Nn, )
N &? !

n n
jo=1,2,...,(M-1)". 0

Procf: Since n' < n we have that

inf r(Nn) < inf r(Nn,) < r(Nn, ) = K/ (2(M-1)),

Nneﬂn Nn'enn' ' m
j =1,2,...,(M-1) .

This establishes the two right-nearest relaticns in (4.1).

Therefore it is enough to show that for every Nn from "

K/ (2M) < r(Nn).

Let R(x) = R = K/(2M), x € B. Applying the infcrmaticn operator
Nn to the function R we get the nonadaptive informaticn

operator, see (l1.86),
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(')!"'JL (‘)].

n,R 1,R n,R
Let
0 if x ¢ B(x;,l/(ZM))
hi(") =
R - KHx-xiH otherwise,
where x; is defined in section 3, (3.2), and i = 1,2,...,n+2.
..)
Let ¢ = (cl,cz,...,cn+l) be 2 nonzero solution of the homogeneous

system of n linear equations with n + 1 unknowns:

n+1l )
Lioy Giky,pMy) =0 3 =1,2,....n
Let lck! = max |c¢,|. Define the functions H and £ by
1<i<n+1
n+l
H(x) = Tio1 cihi(x)/lckl,
R + H(x) if SN < 0
f(x) =

R - H(x) otherwise.

The function f satisfies a Lipschitz condition with the
constant K and has a zero in B, since f(xk) = 0. Therefore
f belongs to the class F. Note that f(x) = R for x ¢ B(x;+2,l/(2M)

Checose an arbitrary point Xq from B. Thus Xg € B (x¥ .1/ (2M))
0

for some io e (1,2,...,n+2}.

As before, let E = (Cyye..,C

1 ,cn+2) be a

. , C, e
ig 1 10+l

nonzero solution of the system




n+2

= O! j = k) S LI I »
zi=l ciLj,R(hi) p) 1,2 n
i#io
Let |ﬁ<| = max[lcil:i # io]. Define the functions H® and ¥
by
n+2
H(x) = Tho2 ehy (®)/ eyl
1#10
R + H(x) if Ck < 0
E(x) =

R - H(x) ctherwise.

Note that T (x)

R for x ¢ B(xzo,l/(ZM)) and T belongs to F.
It is crucial to notice that Nn(f) = Nn(f).

Thus for every information operator Nn we constructed a
function £ ¢ F and for every Xq € B we constructed a function
% < F such that N_(f) = Nn(?) and T(xo) = R. Due to (l.12)
and (1.10) it follows that r(Nn) > R which proves the left-mogt

relation of (4.1).

Hence the proof of Theorem 4.1 is completed.

Corollary 4.1: Let n(:) be the minimal cardinality of the

information operator Nn in " such that r(Nn) < . Then

n(e) = (K/(2e))7(1 + o(1)) as & » O.

Proof: Theorem 3.2 implies that

(4.2) n(e) < (K/(2¢) + 2)™ - 1.
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Choose the maximal M such that K/(2M) > ¢, i.e., M = X/ (2¢) - b

for some b € [0,1]. Theorem 4.1 yields that r(Nn) > K/ (2M)

if n = M" - 2. Thus n(e) has to satisfy
(4.3) n(e) > M° - 2.

The inequalities (4.2) and (4.3) imply that

n(s) = (K/(2€))"(1 + o(1)). This completes the proot. -

5. Complexity of the Problem

As in [10] by the complexity comp(c) of the problem we
mean the minimal cost of solvingA(l.4). Thus comp(t) is the
sum of the computational cost of evaluation an information
operatoan and the minimal combinatory cost (combinatory complexity)
of an optimal algorithm using Nn’ where n is the minimal cardi-
nality such that r(Nn) < e

The results of Section 3 and 4 enable us to find the com-
plexity comp(e). Assume that < is the cost of one functicnal
evaluation and that arithmetic operations and comparisons cost
unity. Moreover, assume that any optimal algorithm has to use
each yj at least cnce. This implies that its combinateory com-
plexity has to be at least equal to n - 1. Thus the algorithm

@* has an almost minimal combinatory complexity. We summarize

these results in
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Theorem 4.2: (i) The complexity of the problem (1.4) is

comp(g) = n(c)(cl + b)

where b ¢ [l - 1/n(g),1].
(ii) The complexity comp (w*,e) of the algorithm *, i.e.,
the sum of the computational cost of the information

operator Nn and the combinatory complexity of p*, is

s

almost minimal since
comp (p*,e) = comp (g) (1 + u)

where u = (1 - b)/(cl + b) and u < l/(cln(e)).

(iii) The complexity comp (p**,¢) of the algorithm g**,
which does not require the knowledge of K, 1s

comp (p**,¢) = comp(e) (2 + wl)m(l + w2)

where

joy] € 3/(ate) + 1T

and

|w2| < 1/n(e) (1 + 2/cl).

Thus asymptotically

™
¥
o

comp (m**,¢) = 2mcomp(€)(l + o(l)) as
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6. Final Remarks.

It is important to note that our negative complexity result
depends significantly on the class of functions F. Indeed,

define the class Fl by

Fpo= (£:00,11> R [x-y| < [E(x)-£(y) | < K, Ix-y|

for all x,y € [(0,1] and 7 z ¢ [0,1]: f(z2) = O}.

Thus it is a class of functions satisfying a two-way Lipschitz

condition with the constants K, and K., 0 < Kl < K2’ and

1 2
having a zero in [0,1]). As in Sections 2 and 3 we can prove that
r(Nn’i) = (K, - K;)/(2(n + 1))

where n > 2 and 1 ¢ {1,2,...,n+1}.
Thus n(g¢) defined as in Section 3, Theorem 3.2, is no
greater than M* = max(T(K2 - Kl)/(2e)1-l,2). We can prove

that there exists an optimal algorithm using Nn i with combinatory

b

complexity no greater than cn, where ¢ 1is a constant. There-
fore the complexity comp(e) is no greater than M*(cl + c).

Note that if K, is close enough to K

1 then the complexity

2

comp(€) is essentially equal 2 ¢ This is intuitively obvious

1

since for Kl tending to K2 the class Fl shrinks to the class

consisting of linear functions. A linear function £ |is

uniquely determined by the formula [£f(x) - f(y)] = K2|x-y|
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and the values at two different points.

It is an open problem to generalize the above result for
the class Fl to the m dimensional case, We conjecture that
the complexity is roughly ([(K, = Kl)/(Ze)l-l)m(Cl + 1).
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