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Intuitively, the more regular a problem, the easier it should
be to solve. Examples drawn from ordinary and partial differential
equations, as well as from approximation, support the intuition.
Traub and WoZniakowski conjectured that this is always the case.

In this paper, we study linear problems. We prove a weak form of
the conjecture, and show that this weak form cannot be strengthened.
To do this, we consider what happens to the optimal error when
regularity is increased. If reqgularity is measured by a Sobolev
norm, increasing the regularity improves the optimal error, which
allows us to establish the conjecture in the normed case. On the
other hand, if regularity is measured by a Sobolev seminorm, it
is no longer true that increasing the regularity improves the
optimal error. However, a "shifted" version of this statement
holds, which enables us to establish the conjecture in the semi-

normed case.




1. Introduction

We investigate the relation between regularity and complexity.
In this Introduction, we use words such as algorithm, information,
cardinality, and regularity without definition. They are rigorously
defined later.

Based on a variety of examples, Traub and Woéhiakowski [6]
conjectured that, in general, as the regularity of a class of problem
elements increases, the complexity decreases. In this paper, we
consider linear problems. We measure regularity by a Sobolev norm
or seminorm. We prove a weak form of this conjecture, and show
that no stronger statement is possible.

To fix ideas, we consider several examples.

Example 1l.1. Consider the solution of the two-point

boundary-value problem

-u" = f in (0,1)
(1.1)

u(0) = u(l) =0

where the Hr(O,l)—norm of f is bounded by unity:

r 1 R
(1.2) r [ 1£9) (x%ax < 1.
=0 ¢

Consider an algorithm ¢ wusing information of cardinality at

most n, and define the error e(p) to be the worst-case error
(in the Hl—sense) taken over all £ satisfying (1.2).

Let



(1.3) e(n,r):= inf e(¢y)
¢

be the minimal error of all such n-evaluation algorithms ¢ whose

input functions £ satisfy (1.2). 1In [7], we showed that
(1.4) e(n,r) = @(n_(r+l)) as n = o,
where we use Knuth's GB-notation

(1.5) fl = ®(f2) iff fl = O(f2) and f2 = O(fl).

If compl(e,r) denotes the complexity of finding an e¢-approximation,

then (1.4) implies

1
(1l.6) comp(e,r) = @((%)r+l) as € = 0.
The next four examples are taken from [6]. In these

examples, the data consisted of all £ € Hr(I) (where I was
a bounded real interval) whose HTY(I)-seminorm was bounded by unity:

(1.7) J1EE) (0 1%ax < 1.
I

For an algorithm ¢ using information of cardinality at most n,
e(p) was defined to be the L2—error taken over all £ satisfying
(1.7), and

(1.8) e(n,r):= inf el(y)
N

was the minimal error of all such n-evaluation algorithms o
whose input functions £ satisfy (1.7). Once again, comp(ec,r)

denotes the complexity of finding an e-approximation.



Example 1.2. For the approximation problem,

(1.9) e(n,r) = @(n_r) as n - o,
so that
(1.10) comp(g,r) =@ Q%ﬂl/r) as € = 0.

Example 1.3. For the heat eguation in a thin rod of length =

with initial data f solved out to time t =t

OI
- (n+1) ¢ .
(1.11) e(n,r) = e (n + 1) ;
so that
(1.12) comp(e,r) = ®( = in —) as € = 0.
0 €

Example 1.4. For the Laplace equation on the square

(0,7) x (0,7) with boundary data

u(o,y) = u(m,y) = u(x,0) =0 for x,y € [0,T]
(1.13) ,
u(x,T) £(x) for x € [0,T]

and considering the solution to be u(°,yo) for a fixed Yo € (o,m),

1 sinh(n + 1)y, - (n+1) (T-y,)

_ N -r
(1.14) e(n,r) = (n + 1)F sinh(n + 1)7 € (n + 1)

as n =2 o,



so that

o —1— 1n 1 -
(1.15) comp(e,r) = ®<n =Y, 1n €> as ¢ 0.

Example 1.5. For the hyperbolic differential equation

%% = %ﬁ (xe R, t > 0)
(1.16)
u(+,0) = £

solved out to time t = tO’

(1.17) e(n,r) = (n + 1)°%,
so that
(1.18) =@ (/T

. comp(e,r) = 0 (¢ ) as € = 0.

(See Chapter 6 of [6] for a fuller discussion.)

Note that in all the examples above, s > r implies that

. e(n,s) _
(1.19) ii00573f§7 =90

and that there is a constant K which is close to unity such that

lim Sup EOLRP—-(—E—!S—) i K.

cmo  comp(e,r)

Hence, as the regularity increases, the complexity decreases, in
the sense that it gets no worse. Traub and WoZniakowski (6,

pg. 147] asked whether more regular problems always have lower



complexity. We add the question as to whether (1.19) holds
in general.

In order to establish the conjecture of [6], it is necessary
to first determine what happens to the nth minimal error e(n,r)

as r 1is increased. Let s > r. We show that for any problem,

* * * *
there exist non-negative integers n. and n_, with n_ < ng,
such that
*
e(n + ns,s)
(1.20) lim T =0,
noe(n + n_,r)
r
in both the normed and seminormed cases. In this sense, additional

regularity always helps. However, (1.20) tells us nothing about
the more fundamental question of whether (1.19) holds. We now
distinguish between the normed and seminormed cases. In the

* *

normed case, n.=n_ = 0, so that (1.19) holds; we also have

the non-asymptotic result that
(1.21) e(n,s) < e(n,r) for n > 0.

In the seminormed case, (1.20) implies the desired result (1.19)
when the problem is "hard", and so the "shift" is irrelevant.
In general, however, we cannot say that (1.20) implies (1.19);:
in fact, we are able to construct a special counterexample in

the seminormed case for which

. e(n,s) _
(1.22) lim e - ®
n—~a
(and the limit can blow up arbitrarily fast). Note that this

counterexample is an "easy" problem, especially constructed for



tﬁis purpose; we know of no naturally-occurring problem for which
(1.22) holds.

We are now able to use (1.20) and (1.21) to establish a weak
form of the original conjecture: in both the normed and seminormed

cases, there is a constant Kl close to unity such that

. "comp(g,s)
(1.23) ll:ﬁgup comp(e,r) < K1'

On the other hand, this is essentially the sharpest possible
statement possible: in both the normed and seminormed cases, one

can always construct a problem for which

. comp(€,s)
(1.24) llgﬂgup comp (e, r) 2 Ky

where K2 is close to unity. In other words, increasing regularity
improves complexity, but not as dramatically as the optimal error

is improved in the normed case; it is not true in general that

(1.25) 1im SOmRLE,S) _ o
cwg comp (e, x)

We now outline the conténts of this paper. 1In Section 2,
we develop our terminology and introduce some known results on
optimal algorithms. In Section 3, we prove a useful theorem on
ratios of eigenvalues. In Section 4, this theorem is applied to
the normed case to give results on optimal error. We discuss
optimal error in the seminormed case in Section 5. The results
in Sections 4 and 5 are translated into results on complexity in

Section 6, where we establish the weak form of the conjecture



and show that no stronger version is possible. Finally, we

pose some open questions in Section 7.



3. Preliminarz Concegts

In this Section, we introduce some terminology from (6]
which will more precisely define some of the terms mentioned in the
Introduction. We also mention some results from [6] concerning
optimal algorithms.

Let 31,32 be (real or complex) Hilbert spaces. A problem

is defined by a bounded linear solution operator S : 30 - 32

where 30 c 31 is a set of problem elements. For our purposes,

we may assume that there is a surjective restriction operator

T : &, =3, (& a Hilbert space) such that

1 3 3
(2.1) F,=(fe & : lc£ll < 13.
For instance, if &; = & and T = I (the identity map), &, Dbecomes
the unit ball BEl of 31. (In the sequel, BH will denote the

unit ball of any Hilbert space H.)

In what follows, we le£ 0 c]Rp be a smooth bounded domain.
We use the standard notation and terminology for multi-indices,
as well as Sobolev norms, seminorms, inner products, and spaces;

see, e.g., [2].

Remark 2.1. Let 33 31 = Hr(ﬂ) and T = I, so that

(£ et g, <15,

| A

(2.2) 5o = BHT (Q)

This is the setting for the normed case as discussed in the

Introduction. On the other hand, choose 31 = Hr(Q), m to be

the number of p-dimensional multi-indices of order r, and 33



to be the (closed) subspace of LZ(Q)m which is the range of the
transformation T which maps a function in Hr(ﬂ) to the vector

of its partial derivatives of order r. We then find that

(2.3) §, = eH (Q):= {f € B (@ = |£]_ < 1].

This is the setting for the seminormed case. (See Section 6.)

In order to clarify our terminology, we now introduce

Example 2.1. Choose &, = H'(Q) where r > -1, &, = Hé(u),

and 30 to be the unit ball of Hr(Q). The solution operator

S : 30 - 32 is defined by letting Sf be the solution to

(2.4) j V(SE) ov = j fv Vve Hé(Q),

0 0

i.e., u= Sf is the weak solution to

-Au = £ in Q
(2.5)
u=0 on dQ

see e.g. [2].
In order to approximate the solution Sf for f e 30 using

a finite amount of reéesources, we must use only a finite amount of

information. Here, an information operator is a linear operator

no: D, = g, (where 50 D, < 31 and 34 is a Hilbert space)

whose cardinality #h is given by

(2.6) - $N:= codim ker n.

From Chapter 2 of (6], #n = n iff there exist n linearly

independent linear functionals Ll""’Ln on 31 such that
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_ T
(2.7) ng = [Lf ... L f£] V£ e 3g.

Example 2.1 {continued). One important information operator

for this problem is given by

P n r n,T
(2.8) A £ [jfsl oo 8T,
Q Q
where s?,...,sﬁ form a basis for a space Sn C.Hé(ﬂ) of piecewise

polynomials of degree r and the sequence {gn]n>l arises

from a quasi-uniform triangulation of Q. (Of é;urse, if p > 2,
we must make some adjustments to guarantee that Sn_g Hé(Q). For
more details, see [2] and [7].)

An algorithm using N 1is then a (not-necessarily-linear)

mapping @ : h(EO) - 52. (Hence the only information such an algorithm
may use about the problem element f € 30 is Nnf.) The (worst-case)

error e(9) of such an algorithm ¢ using N is then defined by

(2.9) e(®):= sup |[SE - @(n£)].
feEO
Example 2.1 (continued). Define $n to be the finite element
algorithm, i.e., mn(nnf) € Sn satisfies
[ .o n _ T n .
(2.10) j v (R £): vl = | £s7 (1< i< n).
Q 0

Then ¢h uses hn and

(2.11) e(&%) = @(n—(r+l)/p) as n =2 .

(See [2]),17].)
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. * .
We seek optimal error algorithms using N whose error

is small as possible, i.e., such that

* .
(2.12) e(v ) = inf e(y),
@
the infimum being over all ® using N. The search is made easier
by the fact that
(2.13) inf e(¢) = r(h,S,3o),
¢

where the radius of information is given by

(2.14) r(n,s,3):=  sup sz,

zekern ﬂco

see Chapters 1 and 2 of [6].

Example 2.1 (continued). The finite element algorithm $n

is (to within a constant factor independent of n) of optimal

error ameong all algorithms using 'ﬁn’ see [7].

Now that we are able to determine the optimal error for any
algorithm using information n of cardinality at most n, the
next matter to determine is which such information is "most
relevant,” in that it yields optimal algorithms with the smallest

error. That is, we wish to find an nth optimal information

operator nn, i.e., an information operator nn of cardinality

at most n whose radius equals the nth minimal radius of

information:
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= o= 1 3 B
(2.15) r(nh ,s,3,) = r(n,s,3,): ;gén r(n,s,3,)

We will mainly be concerned with the case where
(2.16) lim r(n,s,ﬁo) = 0,

n =00

so that there exists a convergent sequence of algorithms, each of

which uses information of finite cardinality. By Corollary 2.5.1
T .

of [6], (2.16) holds if and only if K:= ST is compact, T

being a pseudo-inverse of T (see pg. 34 of [6]). Let

*
Ay 2 A, 2...> 0 be the nonzero eigenvalues of K K, the asterisk

denoting Hilbert space adjoint. (If only a finite number r of
nonzero eigenvalues, formally set ki =0 for i > r.) Let

* * .
(2.17) n =n (T,8):= dim[ker T/(ker T N ker S)]

denote the problem index. Then Theorems 2.3.2 and 2.5.3 of [6]

yield

(2.18) r(n,S,EO) = .

(o

Remark 2.2. In the normed setting g = BHT (Q) , we have

%*
T = I, so that TT = I, and hence n = 0. In the seminormed

*
setting &, = dHr(Q), we will show that n = dim(S(Pr_l(ﬁ)),

0

where Pt(Q) is the space of polynomials of degree t over

the region ..
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Example 2.1 (continued). 1In [6], we showed that

(2.19) (@ _,5,3) =©(r(n,s,3g) o F*/P) 45 n -

Hence, ﬁn is (to within a constant factor, independent of n)

an nth optimal information for the problem (2.4).
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3. ég Eigenvalue Comgarlson Theorem

In the previous section, we saw how the minimal radii
of information were related to the eigenvalues of a compact
linear operator on a Hilbert space. In this section, we
will establish a result concerning eigenvalues of products
of compact linear transformations. This result will be used
to establish results on optimal error for the normed and

‘seminormed cases in Sections 4 and 5, respectively.
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Let X and Y be Hilbert spaces, and let E : X =Y and

A : Y 2 Y be compact linear transformations, with A self-adjoint

and non-negative, i.e.

(3.1) A=2a" and (Ay,y) >0 for y e Y.

Let Kn(K) denote the nth largest eigenvalue of the non-negative
self-adjoint, compact linear operator K on a Hilbert space. In

this section, we will prove

Theorem 3.1. Either

(i) A 1is of finite rank, in which case there is an integer

n, 2 1 for which

»*
An(E AE) = xn(A) =0 for n > )
or
(ii) A 1is not of finite rank, in which case
lim A_(E AE) = lim A_(A) = O
n n
n-w n-=o
and
A (E"AE)
lim }\—(A)— = 0.
n-m n
Proof of (i): Let rank(A) = ny - 1. Then A has at most
Ry - 1 nonzero eigenvalues, so that kn(A) =0 for n 2 n,. But
rank (E'AE) < rank(AE) < rank(A) = ng - 1,
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* . .
so that E AE has at most ng - 1 nonzero eigenvalues, 1i.e.,

*
Rn(E AE) = 0 for n Z_no.

Before proceeding to prove (ii) of Theorem 3.1, we must set
up some machinery and prove two lemmas. Let Yys¥gs«e: be an
orthonormal family of eigenvectors for A, i.e., ij = Kj(A)yj
where xl(A) > AZ(A) 2...> 0 because A is not of finite rank.

Let
L R —————
(3.2) M= sp{yl,...,yn] = Sp[yj]j2p+l ® ker A.

Lemma 3.1. codim E_an < n.

_ * n _ * * L,
Proof: Let L = X/sp{E yj}j=1 = sp(E Yys+.-sE yn] in X.
= g1 .
Then Ln = E Mn’ since

o »* 3*

x € L x 1 (E YyseeesE yn} ® Ex 4 [yl,.‘.,yn]
SEx e M ©xe¢cE IM.

n n

So codim E_an = codim L < n.

Lemma 3.2. Let

p = sup lEx
ExeMn

x¢E_lker A

L3I e!

Then

*
xn+l(E AE) <
xn+l(A) n°
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Proof: Since ker A 1is a closed subspace of Mo, E:_l ker A

is a closed subspace of E_an. Hence we have a direct sum

decomposition

1

(3.3) ET"M_ = E'l
n

ker A @ [E'an/E'lker a].

Given x € E-l

M, llxll £ 1, write
(3.4) X = X+ x, (%, € E” Lker A, x, € E—an/E-lker A),

and note that |jx,|| < [Ix|| < 1. Then AEx; = O implies

(E AEX, X) (E*AExl,xl) + 2(E*AExl,x2) + (E*AExz,x2)

*
(3.5) = (E AEx,,X,)

(AEx,,EX,) .

If Ex, = O, then

2

(3.6) (AEx,,Ex,) = 0 L A ,,(B)-0 = xn+l(A)HEx2H2

while if Ex, # 0, set y = Ex,/|Ex,| to find

2
(3.7) (AEx,,Ex,) = (By,y) [Ex, 12 < AL, (8) [[Ex, |l

3

since y € M, and lyll < 1 implies (Ay,y) < A, (A). In either
case, (3.6) or (3.7) yields
3 AEx.,Ex,) < A__ . (A)|Ex 112
(3.8) (AEX),EX5) S My 21l
. E tker A, and HX2H < 1 yield

Now Ex2 € Mn’ x2

(3.9) lex, |l < ey
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So (3.5), (3.8) and (3.9) yield

* 2
(3.10) (E"AEx,x) < A_,,(A)pl.
Since the choice of x ¢ E-an N BX 1is arbitrary, we have
* 2
(3.11) supl (E AEx,x) £ %n+l(A)pn.
XekE Mn
[l |1
Since codim E-an < n, we use the Courant minimax theorem to find
* ) *
sup (E AEx,x) > inf sup (E AEx,Xx)
-1 LcK XeL
X€E M) codim IKn |x|K1
[l <1
(3.12)
= A__,(E AE)
n+l ’

The Lemma follows from (3.11) and (3.12).
We are now ready to complete the

*
Proof of Theorem 3.1(ii): Since A and E AE are compact,

the first statement is immediate. Now M; M, DM; O... and the

definition of Pn imply that

(3.13) Pl 2.92 2.p3 2.2 0.
Hence there is a p > 0 such that

(3.14) p = lim p_.
n-m

So Lemma 3.2 vields
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(3.15) 0 < lim

We need only show that p = O.

To this end, we choose a sequence [en > 0] such that e, 0

n>1l
* -1 -1
at n =2 oo, and a sequence [xn € [E Mn/E ker A] N BX]nZl such that

(3.16) HEx:” <P, g_HEx;H + e, for all n > 1.

Then Hx:H <1 implies that x; is weakly convergent (through some
subsequence, say {nk]Kzl’ of indices) to some % ¢ BX (Theorem VIII.4.2

of Schechter [71]):

(3.17) x. =% as k » .

A
Moreover, the compactness of E implies that Ex* converges
strongly to Ex* as k =2 oo (see Theorem 5.1.1 of Friedman [70]).
This implies that

(3.18) lim Jex || = |&x",
k=00 k

and so (3.16) and (3.18) yield

*
(3.19) p = |EX |
. * -1 -1
We first claim that x 1+ E “ker A. 1Indeed, let x € E “ker A,
Then x: — x as k » o and x; L E lker A imply
k
*

(3.20) (x,x) = lim(x_ ,x) = O.

k k

* - .
Since X € E-lker A is arbitrary, x L1 E lker A, as claimed.




- . *
We next claim that X ¢ E lker A, L.8,, BEx € ker A.

since (ker A) - has the orthonormal basis [yj]

it A
show that

(3.21) (Ex*,yj) =0 for all 3§ > 1.

Given such an index 3j, choose Kk such that n, 2 Ja

0

20

Indeed,

it suffices to

Then for

(0]

S —k . "
any k > k., we have n, 2> j, so that x e E™ implies
(6] k # n, n,

(3.22) (x. ,E y.) = (Ex. ) =0
. xnk, Yj nk’yj .
By (3.17), we thus find
(3.23) (Ex ,y.) = (x ,E y.) = lim (x. ,E y.) = O.
> T -

Since the index j > 1 was arbitrary, it follows that

as claimed.

1 ik

So X € E 'ker A N (E 'ker A)* = 0, implying
(3.24) p = |Ex || = o,

completing the proof of the theorem.

*
X

e E

In order to consider the seminormed case, we will need to

know whether it is true that
A_(E AE)
(3.25) lim <2

= 0
n-oo kn+m(A}

for some positive integer m?

negative whenever E is not of finite rank.

Indeed, let

In general, the answer is in the

2

X1s%35... € X denote orthonormal eigenvectors

ker A,
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of EE corresponding to the eigenvalues Ei > eg 2 wer Dy SO

that
* I _

(3.26) E Exn = E X (n > 1) and (xm,xn) = 6mn (m,n > 1).

Let

(3.27) ¥, = Exn/en, (x> 1)

so that

3.28) - e » _my

(3.28 (¥oo¥e) =5 EERLR) === b, =d immn21l),
m n n

i.e., Y1:Y¥psee- form an orthonormal basis for

(3.29) M:= sp[yn]nZl.

Now define A : Y =» Y as follows. Let GI'Z a2<2"'> 0O be

given, with 1lim a = O. For any y € Y, there exists a unique
n—co
choice of scalars MysTpsee- and y, € M* such that
(a'e}
(3.30) y = E Y, * Yo!
n=1
then let
o]
{3.31) Ay := L nnahyn.
n=1
We then see that Yy5¥pse.. 2re orthonormal eigenvectors of A
corresponding to the eigenvalues QysQoseees so that

(X - Mg(B) = ey
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Moreover, let x € X, so that there exist a unique choice of

¥*
scalars gl, §2,... and Xy € ker E E such that
0o
(3.33) X = n_ZI gnx + Xy

we claim that

*
(3.34) E AEx = Z gnansnxn’

3*
which implies that X sX5,... are orthonormal eigenvectors of E AE

corresponding to the eigenvalues alelz. 2 0.253 2-..> 0, so that

* 2
(3.35) A, (E'AE) = a_el.

Indeed, let x € X have the representation (3.33). Then Ex, € M"',

since for any index n > 1,

I - L (" -
(3.36) (Exo,yn) = e (ExO,Exn) = e (E Exo,xn) = 0.
Thus (3.33) implies that Ex, € M* in the representation
@
(3.37) Ex = ¥ € Ex, + Ex, = Z gnany + Exg

and thus (3.30) and (3.31) imply

(3. 38) b e
. AEx = T e ay = T a Ex
n=l§n'n n‘n r\—lgn
So
@© @
(3. 39) E*AEX = 3 a E* —_ 2
Ex = ¢
= gn n n n=l§nanenxn’

as claimed.
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We now show that not only is (3.25) false in general, but the
limit can be any positive number, or can go to infinity arbitrarily

fast.

Theorem 3.2. Given a compact linear E : X - Y, a positive

integer m, and a sequence My g,uz.g... of positive real numbers,
there exists a compact, linear, non-negative, self-adjoint A : Y =Y
such that

*
7\n(E AE)

i
AMtm (B) n

for all sufficiently large n. Hence, for any u € [0,0], there
exists an A for which

xn(E*AE)
lim 22— =,
n-=>wo )\n+m(A)

and if u = oo, the limit can go to infinity arbitrarily fast.

Proof: Let E, and m be as in the statement of

the Theorem. Let EE be as in (3.26), and let A be defined by

(3.30), (3.26), where now
2

k-1 €. . e .
(3.40) @ = 01— (= |Bly 5 - n o km).
n . " m
1=0 " im+]

Then there is a positive integer Dy such that (3.32) and (3.35)

-n-1
hold for all n Z,no. Hence for n Z,no, let k = g—;r} and

j =n- km to find
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* 2 2
)\n(E AE) _ %hfn _ G‘k.m-!-"lekmj—i _

)\n+m(A) %n+m L k+1) m+j

(3.41)

proving the first statement. The second statement follows by

taking W € (O,o0] to be the limit of the W, as 1 . To

make the second statement hold for u = O, take Y € (0,1) and let

_.n
(3.42) U.n.— Y .

Then (3.32) and (3.35) hold for all n2>1l. So

* 2
A_(E AE) a_e
(3.43) o = nn=Y-m€I21_,o as n = .

>\n+m (A) CLn+m
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4. Regqularity and Optimal Error 1in the Normed Case

Pl

We now consider the case where we have Hilbert spaces El,

31, and 32 where there is a compact transformation E : 5~ 31,

so that when E 1is injective, E(gl) may be identified as a sub-

space of 31 which has more "regularity" than the space El.

Let 30 and 56 denote the unit balls of 31 and ﬁi, respectively.

Suppose that S : El - 32 is a bounded linear solution operator;

then we define the solution operator S : ﬁi -» 32 by S = SE. We
now consider the problems given by S with 30 and S with 36.
Our first result shows that for the normed case, replacing

the problem (S,EO) by the problem fgfgo) does not increase the

nth minimal radius beyond a factor of |E|
Theorem 4.1. For all n 2> 0,
~ o~ 2y
r(n,S,3,) < lEl r(n,s,3,).

Proof: If E =0, then § =SE = 0 and ||E| = 0, so that the
inegquality reduces to 0 < 0. We now suppose that E # 0. Let n

be an information operator on J of cardinality at most n. Define

1
an information operator n on ?1 by T:= nE. Then M < #n < n,
so that
(4.1) r(n,"S',":i‘O) < r(”ﬁ,"sd,'ﬁvo) = sup IBz] .

z € ker?fﬂﬁ%

Let z € ker T N ?0. set y = Ez/||E|. Then

1 1 FﬁZ':Or

l4.2) ny = £ nEz = WEH

Bz = lsezll = IEllsyl

su syl
s ol e emnng

(4.3)

= |Elx (0,85 ¢) -
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Taking the sup over all such z and using (4.1), we have

(4.4) r(n,"s’,ﬁ'oy < |l =n,s,3,).

Since n is an arbitrary information operator on 31 of
cardinality at most n, we may take the inf over all such n

to complete the proof of the theorem.

Note that this result is nonasymptotic, holding for all
n > 0. We now give an asymptotic result which says that in
the limit, replacing (8,30) with (§;§0) helps beyond any positive

factor, no matter how small.

Theorem 4.2 . Either

(1) S 1is bounded but not compact, in which case there exists

p > 0 such that

lim r(n,s,ﬁo) = b
n-wo

and

~d

lim r(n,s,'s”o} = 0,
n=wm
or
(¥i) & 3 ini i
1s of finite rank, in which case there is an int
n
nO such that -
OJ
or

( )
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lim r(n,s,Eo) = lim r(n,§:§b) = 0
n-m n-om
and
r(n,§;§b)
li—m A4 = OQ
noo T(n,5,38,)

Proof: For part (i), let S be bounded and non-compact.

Then Corollary 2.5.1 of [6] implies that there is a >0

p
0

such that r(n,S,EO) > Po- Since r(n,S,ﬁo) is monotonically non-

increasing, the first statement in (i) follows. On the other hand,

S bounded and E compact imply S = SE is compact. Thus

Corollary 2.5.1 of [6] yields that r(n,g,EO) converges to zero.

For parts (ii) and (iii), let X = F, Y= 3,, A = s*s. Then

¥*
"A =A >0 and E are compact. Since the restriction map is the

identity, it has trivial kernel, and so the indices of the problems

~ o~

(8,30) and (S,GO) are zero. Thus (2.18) yields

r(n,S,oo) = Kn+l(A)
and
~ *
r(n,S,gb) = xi{i(g AE).

The result now follows immediately from Theorem 3.1.

We now show how increased regularity improves optimal error

behavior in the normed case. Consider a well-posed (i.e. bounded)

1 r (. is a smooth bounded
linear problem S defined on H (1), where

i i hat
region in ®rP. Thus there is a Hilbert space 2 such t
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S : Hr(Q) - 7 is a bounded linear operator. We pick s > r
and let E : HS(Q) = Hr(Q) denote the inclusion injection, i.e.,
Ef:= f for f € H°(Q). Setting €:= SE (i.e., § is S

restricted to HS(Q)), we let

(4.5) e(n,r):= r(n,S,BHr(Q))
and
(4.6) e(n,s):= r(n,S,BHEZ(Q))

denote the minimal errors of algorithms using information of
cardinality at most n when the admissible inputs are the unit

balls of Hr(Q) and HS(Q), respectively.

Theorem 4.3. For all n > O,

e(n,s) < e(n,r).

Moreover, precisely one of the following statements holds:

(1) S 1is bounded, but not compact, in which case, there

exists € > 0 such that

lim e(n,r)
n-=w

I
[y}

while

lim e(n,s) = O,
n-=co

or

(ii) S 1is of finite rank, in which case there is an integer

n, such that

e(n,r) = e(n,s) = o for n > n
OJ
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or
(iii) S is a compact, but not of finite rank, in which case
lim e(n,r) = lim e(n,s) = O
n-om n-m
and
1im Eiﬂgé% - o.
n-m e(n,r
Proof: Let 3, = H'(Q) and ¥, = BS(Q), so that 3F, = BHT (Q)
and ?0 = BE® (). Since -l < i*llq, we have |El < 1. Hence the

first statement follows from Theorem 4.1. By the Kondrasov lemma
(see, e.g., pg. 114 of [6]), E 1is compact. Thus the second

statement follows from Theorem 4.2.

Thus either the problem can be solved exactly using a finite
amount of information (case (ii)) or increasing the smoothness of
the problem by assuming the existence of additional derivatives
improves the optimal error by more than any fixed constant factor

as n = o (case (i) and (iii)).

Remark 4.1. If we replace H'(Q) and H®(Q) in (4.1) and

(4.2) by Hg(Q) and Hg(o), Theorem 4.2 still holds, since the

inclusion injection EO : Hg(Q) = Hg(Q) is compact for r < s.
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5. Regularitz and Oetimal Error sg'the Seminormed Case

We now consider the case when regularity is measured by a
Sobolev seminorm (as was the situation in the examples studied
in [6]). In this section, we show that Theorem 4.3 does not hold
when the unit balls BHY () and BH® (Q) are replaced by the unit
semiballs ﬁHr(Q) and BHS(Q) (see (2.3)). In fact, we show that
there is a penalty associated with increasing the regularity in
this manner, and that this penalty can be arbitrarily big. On
the other hand, we are able to show that a slight modification of
Theorem 4.3 does hold in the seminormed case, and we give
sufficient conditions for the original version of this theorem

to hold in this case.
We now let Z be a Hilbert space and let S : H'(Q) »2 be
a bounded linear solution operator, where  C RP is a smooth,

bounded, simply connected region. We consider the problem defined

by S and F,:= 8 (0).

It will be useful to write & in terms of a restriction

0]
operator T. Let Wyseossbp denote the multi-indices p in p
variables such that |[u| = r, so that
p+r -1
(5.1) m =

r
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Consider the Hilbert space L2(Q)m, and define a subspace V of

Ly(®" by

W
(5.2) (gy --+ g 1Tev iff T £eu(Q) :D*

m f=9;, (1Ligm.

Lemma 5.1. V 1is closed in LZ(Q)m.
Proof: Since (1 1is simply connected, g e Vv 1iff g

satisfies a set of q equations in H—l(Q) of the form
(5.3) d.9. - 9

where 1i,j,k,4 are related by the relation

T m
i o_ L

which expresses the equality of the mixed partial derivatives of
the function f for which (5.2) holds. Hence there is a bounded

-1

linear operator L : L2(Q)m - H (Q)q such that V = ker L, and

so V 1is closed.

Hence V 1is a Hilbert subspace of LZ(O)m. We now define

T : H'(Q) -V by

M L
(5.5) Tf:= [D Tf ... D Mg T,

By (5.2), T 1is a surjection.
In what follows, it will be useful to have another characterization

of the index of the problem.
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Lemma 5.2. The index n*(T,S) of the problem (S,3.) is given

by
* * )
(5.6) n =n (T,S) = dim S(ker T).
Proof: First note that
(5.7) ker (Slyo, p) = ker T N ker S.

Since dim ker T is finite, we let M = ker T in the equation

(5.8) dim S(M) + dim(ker S|,) = dim M.
Using (5.7) and (2.17), we find

dim S(ker T) = dim(ker T) - dim(ker s|ker )
(5.9) = dim(ker T) - dim(ker T N ker §)

*
=n (T,S).

In order to proceed, we let Pt(Q) denote the space of poly-

nomials of degree t on {. (Note that Pr_l(Q) is the kernel

of T given by (5.5).) Let
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(5.10) 85 (0):= BT (/P __,(0)

denote the orthogonal complement of Pr_l(Q) in Hr(Q), so that

(5.11) £e #5(0) iff £ e H(Q) and (£,p), =0 Vpe b (0)

where (-,:)_ is the inner product which yields the “'“r norm.
By Theorem 3.1.1 of [2], the H¥(Q) seminorm I-Ir is a norm on
ﬁr(ﬂ), equivalent to the usual quotient norm “'“A on 8Y (@)
given by

(5.12) I€12:=  inf £ + pf|_.

peP__, (@)

The problem (S,ﬁHr(Q)) now induces a new problem (§,§ ) by

letting $ . ér(ﬂ) =+ Z be defined by

(5.13) $f:= sf  for £ e B5(0)

and letting

(5.14) §6’= BAT (Q) = g, N B (Q).
Lemma 5.3. r(n + n*,S,GO) = r(n,é,ﬁo).

Proof: We first let ﬁ : ﬁr(ﬂ) > R® be a linear information

operator of cardinality at most n. Define n : Hr(Q) - R™ by
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A
Sp

5.15 nf:=
‘ ) RE

where £ ¢ ﬁr(Q) and ﬁ € Pr— (Q) are uniquely chosen so that

1
(5.16) £=£+ 9.
Then Lemma 5.2 yields
*
(5.17) #n < #A + dim S(P__;(0) < n + 0.

We claim that f € ker n N EO implies £ e ker AN 96 and
st = 8f. Indeed, given such an f, write £ = £+ ﬁ as in (5.16).

Then £ € 30 implies

(5.18) 112 < B2 + 1802 = el < a1,
so that £ ¢ ﬁb. Moreover f € ker N implies
(5.19) Af =0 and sp=o0
i.e., £ e xer A ana
{(5.20) sf = sf + sﬁ = sf = §f,

proving the claim.

From (2.14) and (5.17),we find
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* Aot e
r(n +n,8,5,) < r(h,S,do)

=  sup lIs£1]

feker N N 3y

(5.21) < swp IS£])
fekerﬁfW%J

= r(ﬁ,§,§o).
Taking the infimum over all A of cardinality at most n, we find

(5.22) r(n + n*,s,3o) < r(n,é\,'go).

In order to prove that the inequality (5.22) is an equality,
. * . . . -
we consider an (n + n )th optimal information for (S,%.). By

(2.4.12) of [6], this information has the form

*

h £
(5.23) no L f:= ,

n+n ﬁ £

n

where
*

(5.24) ker n = (ker T N ker S) ® (ker T)L

and there is a linear transformation L on V, of rank at

most n, such that

a2

(5.25)

LT.
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Let 10 : Hr(Q) - Pr_l(Q) denote the orthogonal projector,

so that ﬁ = If in (5.16). Claim there exists an invertible

* *
n X n matrix M such that

*
(5.26) n = MsI.
To do this, we first show that
* *
(5.27) ker n < ker SII.

To see this, let £ € ker h%. By (5.24), we may write

(5.28) f£= £, + £, (£ ¢ ker T N ker S, £, € (ker T) 7).

Then £, € ker T implies £, € Pr_l(ﬂ). Since [ is a projection
onto Pr_l(Q), we have Hfl = fl' Since fl c ker S, we have
(5.29) SI'Ifl = Sfl = 0.

On the other hand, £, € (ker T)L = ﬁr(ﬂ) implies that Hf2 = 0.

So

(5.30) snf, = 0.

Hence f ¢ ker SII, proving (5.27). Since ker n < ker SI and
(5.31) codim ker n = n = dim range SII = codim ker SII,

Lemma 2.2.1 of [6] yields (5.26), as claimed.

So




(5.32)

*
n-+n

where £ and ﬁ are given by (5.16) and ﬁhf

D e ker T implies LTf = LT?.
We now consider the information operator ﬁh for the problem
(§,§O). Clearly #A < n. We claim that ker A N & cker n
n n © n+n
Indeed, let £ cker R N&,. Then £fe & = AT () N3, implies
f e 50. Moreover £ € ﬁr(n) implies that ﬁ =0 and f£=f in
(5.16), so that f e ker ﬁh implies
MSO
(5.33) n of = = 0,
n+n 6nf

establishing the claim.
Since #ﬁh‘g n, we use

to find

S =
S‘ér(o)
r(n,§,§o)

(5.34)

Msp

At

MSTIE
A £
n

the claim above and the fact that

< r(ﬁh,@,@o)
1S

sup
fed ker R
0 n

sup Is£l

feGOﬂker n .
n-+n

r(n *,S,EO)
n+n

»*
r(n + n ,5,30),

ﬁnﬁ because

37

*

ng

O'
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the last by the optimality of h
n+n

**

We wish to examine the effects of increasing regularity when
30 is the unit semiball of a Sobolev space. Recall that Z is
a Hilbert space, and that S : Hr(Q) -» 2 1is a bounded linear
transformation. Choose s > r, and let E : HS(Q) - Hr(Q) denote

the (compact) inclusion injection, as in Section 4.

Lemma 5.4. ﬁs(n) is a subspace of ﬁr(ﬂ), and the inclusion

injection £ . ﬁs(ﬂ) - ﬁr(Q) is compact.

Proof: To show that ﬁs(ﬂ) is a subspace of ﬁr(Q), let

£ e B%(q). Then £ e H°(Q) cH'(Q), and (£,p)_ =0 for pe P (0.

Now for any p € Pr_l(Q), we have Dup =0 for |ul > r. so

(5.35) (£,), = (£,p), - T (D"£,DMp)
r<| ul<s
= (f:p)s = 0,
since p € Pr-l(Q) c Ps_l(Q) and f € ﬁS(Q) = Ps_l(Q)L. Hence
£ e B (Q).

We now show that £ is compact. Let [fj};il c ﬁs(Q) be

bounded, say

(5.36) Ifjlng (j 2 1).

since £, ¢ B%(Q) = P__, (0", we find
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le5ly = ine e+l

(5.37)

< CM,

where the first inequality follows from the equivalence of |'|s
and ||||$ over K%(Q). Since r < s, the Kondrasov lemma yields
g € H'(Q) and a subsequence [jk] such that fjk - g in Hr(Q).
Since Hr(Q) = ﬁr(ﬂ) @ Pr_l(Q), there exists f € ﬁr(Q) and

p € P__,(Q) such that
(5.38) g =f + p.

We claim that £. = £ in ﬁr(Q). Indeed, p € Pr—l(Q) implies

£. - f = [f. - - < . -
| 3 |, =1 i\ g-pl, < 1f3k gl + Ipl_
5.39 = .-
( ) lka gl
i ”fjk - gHr:

so that fjk =g in Hr(Q) establishes the claim and the lemma.

Let S = SE as in Section 4. Then the commutative diagram

i @e) > Z

(5.40) ET ¥
S
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induces a diagram

ﬁr(o)

(5.41) s

ﬁs(n)

A
where & and § are the restrictions of S and S to ﬁr(Q)
and ﬁs(ﬂ),respectively (see (5.13)). We claim that the diagram

(5.41) commutes. Indeed, let £ € ﬁs(Q). Then S = SE yields

Land

f = s£f = SEf = Sf.

U)z>

(5.42)

On the other hand £ € ﬁs(ﬂ) c ﬁr(ﬂ), so that (5.42) implies

N
(5.43) & = 8 = s£ = §%.

>

Thus §ﬁ =

We now are ready to discuss how the behavior of the

, i.e., the diagram (5.41) commutes, as claimed.

optimal error changes when regularity is increased. Let

* * . .
s > r, let n_ and ng respectively denote the indices

for the problems (S,BHréu)) and.(g,ﬁHs(ﬂ)), let
(5.44) e(n,r):= r(n,S,ﬁHr(Q)),
and let

(5.45) e(n,s):= r(n,S,88°(Q)).

We then have the following modification of Theorem 4,3:
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Theorem 5.1. Precisely one of the following statements

holds:
(i) s is bounded, but not compact, in which case, there

exists ¢ > 0 such that

lim e(n,r) = ¢
n—+o
while
lim e(n,s) = 0,
n—oo
or
(ii) S 1is of finite rank, in which case, there is an
integer ng such that
* *
e(n + ns,s) = e(n +_nr,r) =0 for n > Ny
or
(1ii) S 1is compact, but not of finite rank, in which case,
lim e(n,r) = lim e(n,s) = 0,
n—o n-co
and
*
e(n + ns,S)
lim = =0
nroco e(n + n_,r)
r
Proof: Using (5.44) and Lemma 5.3, we have
* * r e ﬁr
(5.46) e(n + nr,r) = r(n + n_,S,3H (Q)) = r(n,s,BH(Q)),

while (5.45), Lemma 5.3, and (5.41) yield
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* * s 4 s
e(n +n_,s) = r(n +n_%,s8%@) = r(n,%,B8%(Q))
(5.47)
- r(n,%8,88%()).
The result now follows from (5.46), (5.47), Lemma 5.4, and

Theorem 4.2.

As a corollary, we can give sufficient conditions for

Theorem 4.3 to hold:

Corollary 5.1. Suppose that either

*
(5.48) n, =n
or there is a y > 0 such that
(5.49) e(n + 1,r) > ye(n,r)

for all n sufficiently large. Then for any compact S, not

of finite rank, we have

(5.50) lim E%ELE} = 0.
e (0T

Note that (5.48) or (5.49) holds in all of the examples
mentioned in Section 1. The condition (5.49) tells us that the
problem (S,BHr(Q)) cannot be "too easy", i.e., the error should

decay no faster than geometrically.

On the other hand, we now show that a result like (5.50)

cannot hold for all problems.
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Theorem 5.2. For any ud € [0,,

there exists an S for
which

e(n,s)

lim m=l-ll

n—co

and if p =0, the limit can go to infinity arbitrarily fast.

* *
Proof: Setting m = n, - n_, we may use (5.46) and (5.47)

to find
S
(5.51) lim Z_((%% - 1im _Z(n,S8 BRS@Q))

n-co < r(n + m,%,88YQ))

Now let X = ﬁs(ﬂ), Y = ﬁr(ﬂ), and E ﬁ in the notation

preceding Theorem 3.2. Let 8 : Y=Y be an injection. Let

Z =P ) x 8 (Q) with norm

O
(¥}
o>

(5.52)

Finally, S : H'(Q) - 2 1is given by
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Sf: ’
(5.53) é@

where £ = 2+ S as in (5.16).

By construction, S is injective, so that (2.16) yields

*
(5.54) nr = dim Pr_l(ﬂ)
and
* . Q
(5.55) n_ = dim Ps-l( ).

Hence m > 0. Now finally choose 8 = Al/z, where A is defined

as in Theorem 3.2, with d replaced by 92. Then

1/2

*
s ST, et
n—o rin + m,g,Bﬁr(Q)) n—cc n+m(A)

I
T

The Theorem now follows from (5.51) and (5.56).

Hence, the penalty for increasing regularity may be

arbitrarily great in the seminormed case.
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6. Comglexitx Results
L o ot 2% oV o~ o~

In this section, we translate our results on optimal
error behavior into results on computational complexity. We
show (roughly speaking) that both in the normed and seminormed
cases, increasing regularity improves complexity; however, there
are problems for which improvement means only that the complexity
gets no worse.

The model of computation will be that specified by Chapter
5 of (6]. That is, if H 1is a Hilbert space, evaluation of
af and f + g (o a scalar, £f,g € H) and evaluation of a
linear functional on H have finite complexity. We let <c
denote the complexity of evaluating a linear functional; we
assume that evaluation of af and f + g have unit complexity,
in order to normalize the measure of complexity. We generally
would expect c¢ >> 1.

We first consider the normed case. Let

(6.1) comp(e,r) := inf comp(yp),
¢

where comp(p) denotes the complexity of the algorithm ¢ for
the problem (S,BHr(Q)) and the infimum is taken over all such
algorithms ¢ for which e(p) < €. Similarly,

(6.2) comp(e,s) := inf comp(y),
P

where the infimum is now taken over all algorithms ¢ for the

problem (§,BHS(Q)) for which e(p) < €. Define the ¢e-cardinality

numbers by
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(6.3) m(e,t):= inf N(g,t),

where

(6.4) N(e,t):= {n € z¥ : r(n,BHY(Q)) < €]

for t =r and t = s. (That is, m(e,t) is the smallest integer

n such that the nth minimal radius of information is at
most ¢ for data in the unit ball of Ht(Q).) Then Theorem

3.4.2 and Lemma 5.2.2 of [6] yield
(6.5) comp(e,t) = (c + at)m(e,t) -1,

where a, € [1,2].

We first discuss the behavior of the e-cardinality numbers.

Theorem 6.1. Let s > r.

(i) For any € > 0, and any solution operator,
m(e,s) < m(e,r).

(ii) There exists a solution operator for which

lim %%EL§§ = 1.
g0 €

Proof: (i) follows from the first statement in Theorem 4.2.

To see (ii), let Yqr¥gre-- be the orthonormal eigenfunctions
2 2
€1 2 €

E—ﬁ—E. Now define S : HY(Q) - HT(Q)

*
of E E corresponding to eigenvalues >...> 0. Recall

that €~ cn ™

n for p =

by

(6.6) SEy_ = el—nEy .
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(Recall that {Eyl,Eyz,...] is complete in HT(Q).) Then
%* - * - -
A (s7s) = 2™ ana A _((sE) (sE)) ~ [enMe1TM)32) 5.,
(6.7) r(n,BET(@Q)) = " and r(n,BE®(Q)) ~ cn Pe .
We then have
_ 1 1
(6.8) m(e,r) = 1ln = and m(e,s) ~ 1n c
completing the proof of the theorem.
We then have
Theorem 6.2, Let s > r 1in the normed case.
(i) For any solution operator,
c + a a_ - a .
comp(e,s) < — S5 comp(e,r) + = _ Ve>0
! = \¢ + a_ ! c + a_ !

so that, if S is not of finite rank,

comp (g, s) c+a
lim sup . <
0 comp (e, xr) c + a.

(ii) There exists a solution operator for which

c + a
13 comp(e,s) _ S
N omple, ) <© + a_ °
e—~0 pPle, r

Proof: Immediate from (6.5) and Theorem 6.1.

Since we generally expect ¢ >> 1, the first part of Theorem

6.2 tells us that
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(6.9) lim sup comp (e, £) < 2 :

2 ~ 1
s comp(e,r) — 1 !

while the second part of the theorem tells us that there is a

problem for which

(6.10) lim

comp(e,s) y & +
c +
e—0

comp(e,r) =
We may roughly paraphrase (6.9) by saying that increasing
regularity improves complexity; (6.10) tells us that there

are problems for which "improvement" means only that the behavior
of the complexity does not get worse.

We now consider the seminormed case. Let

(6.11) comp(e,r) := inf comp(yp),
P

where comp(p) is the complexity of the algorithm ¢ for the
problem (s,38T (Q)) and the infimum is taken over all such
algorithms ¢ for the problem (S,BHr(Q)) for which el(p) < €.

Similarly,

(6.12) comp(e,s):= inf comp(yp),
P

with the infimum now being taken over all algorithms ¢ for
the problem (8,8H°(Q)) for which e(p) { €. We now define the

ge-cardinality numbers by

(6.13) m(e,t) := inf N(e,t),

where now
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(6.14) N(e,t):={n € 27T : r(n,BHT(Q)) < ¢}

for t =r and t = s. Then (as in the normed case) there is

an a, € [1,2] for which

t

(6:15) comp(e,t) = (c + at)m(g,t) -1

for t =r and t = s.

We first discuss the behavior of the ¢-cardinality numbers.

Theorem 6.3.

(i) For any solution operator, there exists €o > 0
such that

* *
(6.16) m(e,s) £ m(g,xr) + n_ - n_ ¥ g & {0,30],

and so if S is not of finite rank,

m(ErS] é q

(6.17) lim sup e 5 =

e~0
(ii) There exists a solution operator for which

1im Ble,s) . 4,
m(e,r)

=0

Proof: (i) By Theorem 4.2, lim [r(n,BRS(Q))/r(n,BR¥@))] = o.
+ g gl 8 8]
Hence there is an n, € Z such that

| v
o

r(n,B8%(Q)) < r(n,BRT(@)) ¥ n g,

so that Lemma 5.3 yields

*

(6.17) r(n +ng

¥ n

|v
£

s * r
BHT(Q)) £ rin + nr,BH (Q))
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Let

— * I'Q
€g3= r(n0 + n_,8H Q)).

To prove (6.16), let ¢ € (0,50]. If N(g,r) is empty,

the right-hand side of (6.16) is infinite, so that (6.16) is

trivial. So, let n € N(g,r). Since

r _ * r
r(n,8H (Q)) < € ¢4, = r(n, + n_,3H (Q))
- - 0 0 r
*
and r(-,BHr(Q)) is nonincreasing, we have n > n, + n_, i.e.,
*
(6.18) n-mn_>n,.

*
Using (6.18), and replacing "n" by "n - nr" in (6.17), we have

* * S . o
r{n + n_ - nr,BH (Q)) < r(n,B8H (Q)) < ¢,

* *
so that n + n, - n_ € N(e,s): so,

* *
m(e,s) = inf N(g,s) < n + n_, - n_.

Since n € N(e,r) is arbitrary, (6.16) follows.
To prove (6.17), let S not be of finite rank. Then

lim m(eg,r) = @, so that (6.16) yields (6.17).
e=0
To prove (ii), let yl,yz,... be the orthonormal eigen-

*
functions of oM corresponding to eigenvalues gi > sg >...>2 0.

Again €~ en ™ for p =2 ; L. Let S : HY(Q) - HY(Q) be
such that
(6.19) ' - o1-

By - olng,

and let s restricted to p

r-1 (8) be the zero Operator. Then




o

as in the proof of Theorem 6.1 we have

(6.20) r(n,8H'(Q)) = e ™ and r(n,8H°(Q)) ~ cnHe™?,
so that
_ 1 1
(6:.21) ml(e,r) = 1n o and m(eg,s) ~ 1ln = ,
E

completing the proof of the theorem.

Remark 6.1. Note that Theorem 6.3 gives an asymptotic

result, i.e., one for all sufficiently small . One can also

prove the nonasymptotic result
* *
(6.22) m(el,8) < m(e,x) +n_ -n_ ¥V e>o.

When Hﬁﬂ <1, (6.22) implies that (6.16) holds for all ¢ > 0.

However, it is possible to choose Q so that “ﬁ“ > 1. (For
example, let r =0, s =1, N = 1; then set Q = (-a,a) with
a > /3.) 1In this case, (6.22) does not imply that (6.16) holds

for all € > 0. In fact, when HQ“ > 1, one can construct a

solution operator for which (6.16) does not hold for all ¢ > 0.

To see this, let S : HT(Q) - HT (Q) be given by
My =0y

with 9, P4 9, Z2uae2 0 and Yy, as in the proof above, and

define S to be zero on Pr_l(ﬁ). Then

r(n,BQr(Q)) Y and r(n,BRS(@)) = O 4 1Enel?

so that |B] > 1 yields
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r(0,88%(Q)) =0 e, = o 1B = [B]x(0,B87 (@) > r(o,88 (),
i.e., Lemma 5.3 yields
* s * T
(6.23) r(ns,BH (Q)) » r(nr,ﬁH (Q)).
Now let
*
e:= r(n_,BHT(Q)).
h o
Then
*
(6.24) m(e,r) = n_,
*
while (6.23) yields r(ns,aans(nn > ¢, so that
*
(6.25) m(e,s8) > n_.
From (6.24) and (6.25), we find
* *
m(e,s) > m(eg,r) + n_ = n
So, (6.16) cannot hold for all ¢ > 0.

We may then use (6.15) and Theorem 6.3 to prove

Theorem 6.4. Let s > r in the seminormed case.

(i) For any solution operator, there exists € > 0 such
that
c + a] * . 2 =@
comp (e,s) < S 7 a Jcompl(e,r) + (c + as)(ns &) e -
r r c+ a




(ii)

c + a

c + a
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so that for S not of finite rank,

comp(€,s) ¢ ¢ + ag

comp(e,r) — c + a_

lim sup
e~0

There exists a solution operator for which

c + a

. compf{E,s) _ S
lim =om (e,ry c + a_ °

£=0 Pley r

Since we generally expect ¢ >> 1, we would expect

r

~

1.

Hence this theorem tells us that increasing regularity

improves complexity, although there are problems for which the

improvement means that only the complexity gets now worse.
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'3. Ogen guestlons

In this paper, we have examined the role of regularity in
determining complexity. Here, we consider some open problems
in this area.

We first consider the normed case. We saw that
lim e(n,s)/e(n,r) = 0 when r < s. Is there any way of
égsﬁuring how fast the ratio tends to zero, given (say) «r, s,
and some knowledge of the solution operator S? There appears
to be no way of extending the proof in this paper (which uses
a compactness argument) to find such a rate.

It would also be reasonable to consider problems defined
over the Sobolev space w 'P(Q). 1In this case, it is easy to
see that d(n,s) € d(n,r) for all n when s > r, where d(n,t)
is the nth minimal diameter of information for data in BWt’P(Q)
(see [6, pg. 11]). 1Is it still true that 1lim e(n,s)/e(n,r) = 0?
The proof of such a statement would follow grzi a theorem on
ratios of n-widths, similar in flavor to Theorem 3.1. Such a
theorem ("increasing compactness speeds up the decay of n-widths")
is plausible, but its proof could not use the eigenspace techniques
of Section 3.

We now consider the seminormed case. Although we know that
there exist problems for which increasing regularity is harmful

(in the sense of Theorem 5.2), we know of no naturally-occurring

problem for which this is the case. 1Is there a non-contrived

problem for which increasing regularity worsens the asymptotic

behavior of the optimal error?
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which increasing regularity (again, in the seminormed sense)
improves the asymptotic behavior of the optimal error. For
example, if we look at problems defined over ﬁHg(Q), the
Friedrichs inequality allows us to use the results in Section 4,
so that 1lim e(n,s)/e(n,r) = 0. Corollary 5.1 gives other
conditiongﬁgiich are sufficient to yield this result. What

are necessary and sufficient conditions for increasing seminorm
regularity to improve the asymptotic behavior of the optimal
error in the seminormed case?

We next note that the strongest statement that one can
make is (roughly) that increasing regularity does not make the
complexity worse; this is because there exist problems for
which increasing regularity leaves the complexity unchanged.

On the other hand, for many naturally-occurring problems, we
have 1lim comp(e,s)/comp(e,r) = 0 whenever r < s. It would
be useiug to characterize the problems for which this holds,
while an even more ambitious task would be characterizing the
problems for which the complexity ratio goes to zero as a given
function of «.

Finally, we point out that this paper only deals with

linear solution operators. Does increased regularity lower

complexity when the solution operator is nonlinear?
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