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Abstract

The problem of smlyzing the performance of large—scale
irrerzcting distributed rescurce sharing mechanisas arises in
packet brosdcast petworks as well as mmltiprocessor switching
mechsnisms, VLSI chip coommications and  distributed
datsbases. Qoeneing thsory bas major limitations in amalyzing
soch  systems: it canpot bandle tight interacticns and
dependencies and it requirves s fipe—graimed smalysis of ths
detsiled dypsmics of & system ©o oObtain cosrse—grained
equil jbritn results. This paper proposes mm  altermative
spproech to the problem basad uwpom statistical mechsnmics.
Using this approech it is possible to amlyze the performance
of iptricate distributed resource sharing mechanisas with a
relative ease. Moreover, the amalogy to physical pbenonema
cffers pew performance measures (e.§., canmunication "Energy”
end “pressure’) and physical insights to the behavier of such
systems.

1. Introdncticn

Consider a set of distributed agents sharing a
distribured rescorce. Access to the resource is subject to
mrme] interference between the agenrs. Given sms statistics
of the generation and duration of service requests, it is
required to computs such quantities as ths throughput, delsy
and blockirg of the system. Exxmples of soch systems, to omms
a few, arise in macket r=dio petworks whers transmissions
sharing the broadeast mediom interfere with ezach other, in
moltiprocessor switches where transmissions through the switch
block zach other, in database systems whers goeries block each
other by locking subsets of files and in VLSI omchip
coemicaticns.

Classical qoeneing theory  suffers  three major
difficulties whem it ocomes to amalyzing large—scale
interfering distributed resource sharing mechanisms, First,
gqoening theory is a fipe—grained microscopic theery. It
requires a1 detailed stody of the evelotion of each comporent
in the system even whem the conly information of intersst is
scme global steady-state sverages. Second, queneing theery
offers very litrtle when it ocames to amalysis of tight
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However, when it comes to interfersnce systems as in the above
exxmples, deccmposition normally fails to movide adequate
solotions, Third, Queneing theory requires that coe amalyze
the (Mariov process) dymemics that lesd to a steady-stats in
order to obtain steady-state solotions, This is similar to
trying to solve ths equilibrioe behsvior of a gas by tracking
the dyosmics of the. molecular motions that lead to
equilibriom. The physics of mooequilibrimm and approach to
equilibriom behsvior is an order of mgnitode more camplex
than & direct equilibrim solution. Similarly, cme would like
to bxve equilibrimm armalysis of large—scale distributed
resource sharing mechanisms that does pot require study of
dycamics.

A paturzl alternative to qoeusing theery is statistical
mechanics. Statistical mechanics provides the tools for
coarse—grained ammlysis and for Bandling irteractions and
coupling between oomponents, Statistical mechsnics, in
contrast to Markovian amlysis, does pot track the detailed
motion of a system towards its steady—stats; rather, it utses
an interacticn potential to derive the steadystats bebavier
directly.

Tha cbjective of this paper is to demonstrate
applicaticns of ideas and toals borrowsd from statistical
machanics to the amlysis of large—scale  computer
commication mechsnisms, The models presected are simplified
and cnly very simple tools of statistical mecheanics are
eployed. This choice does Dot repressnt any limits of the
approach, only ocuor imtersst in providing a simple to read
semiral paper which does Dot echbark ©pon todnlly comlex
analysis,

The idea of applying statistical-mechanics tools to the
analysis of large scale coommication systems was, to the best
of the aothor's knowledge, first proposed by Benes [BENE
63]. Loosely speaking, the major result of that work was to
demcnsirate the use of maximomentropy spproach to complex
goeneing systems in circuit—switched petwerks., This work has
beea followed-up by others [FERD 70, SHOR 78, BARD 80)
where it was applied to 3 momber of classical qoeuoeing
systems.

This mmper focuses on interfersmce models of distriburad
fesource-sharing zechamisms, The =zajor achievement of the
paper is in developing 1 complers mysical a
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cetwerks, awmlogous to emerzy, volome, pressure and other
ther=odyramical fooctiens,  We  stody  the  order—disorder
bebsvicr of oetworks as they ars "cooled” and show how same
oetworks “erystallize” when they are sufficiently “cold”. Ve
demonstrate critical phase—transiticns arising in same packst
breadeast  zetworks, Ancng  other results we show  how
classically difficult problems such as eralyzing blocking
rreperties of oetworks are greatly simplified, and how global
"pkysical inTumition” of tetwerks may be develcped.

2. A Yodel Of Distribmeed
Ioteracting Resource—Sharing Mechanigms

Consider 2 resource shared by a set of distributed
2gents. At any nanent of time & given agenr is either idle o
busy uorilizing the rescurce, Assmoe further that agents may
imterfere with each other and that two imterfering agemts may
Dot acquire sipmltanecus access to the resonrcs, We call sech
1 system am jnterference system. An interference system may
be represemted by an imrerference graph whose nodes represemt
the sgermrs and whose edges represent gortally exclesive
interference between the respective agemts. We call soch s
graph the icterference graph of the system In a packet
radio metwark or 1 zultiprocessor switch the contending agents
are tramsmissicns accessing the shared corrmication medim,
In a catabase system qoeries are the agents comtending over
the use of the shared database,

Iz view of our prizary interest in campater
crrmoication  mechanisms we shall ase the terms
“transmissions” and “camxmication medim” to refer to agents
and zesource respsctively. Consider, an imrerference system
described by = interfersnce graph G = (N,E)>; where N and B
indicate the modes and edges of G. To describe the
statistical model of the gereraticn and duration of
traosmissions, we assume that 2 pode in the graph is marked
with either 0 (fgr idle) or 1 (for active)., We assome that:

~ An idle pode becames active according to an
expomential imtersrrival law with rate A,

- A transmission lasts an expopentially distributed
time with rate u.

- A transmission is blocked if a peighboring nodes
in the irterference graph is active,

This simple xodel zmd the respective results way be
exterded and applied to more camplex models of imteractionm and
traffic gereration.  Such extemsicns will be discussed in &
later ssctiom. For the time being, bowever, we confine
curselves to irterferemce models described above.

With the sbove asstmprions the evolzticnm of the metwark
is that of 2 spatial birth—death process over the interferesnce
gragk., Let =(A) represemt the equilibriom mxotability of the
set AUV being active while N\A being idle, then =(A)
satisfies the following equilibrimm equaticms:

Ay (AES] + plal) =

} “(Autx}w} XA\ (z)) (1)

124" TEA

Hers 1 {(read, the closure of A) is the set of verrices in 4
and those oeighboring to vertices iz A,

To solve eguatiom (1), let us defime a set of nodes in
the interference graph as indsvendezt if m pair of podes iz
the set are peighbors. Indeperdent sets of podes represemt
possible concurrent transmissions configuraticms., Let j éapote
the set of independent subsets of N. Le: ¢; deoote the zmmber

of distinct indspendent subsets of N bheving i nodss.
easy to verify that:

It is

THEOREY 1:

n(A) = (2)

Wherepél/u and ZAE p'AI=§aipi

The function Z{p) is called the partition femction of
the interference system, The fuoction Z provides s complerte
description of the distribution of tramemissions =oong
different independent sets of the interference graph. This
distribution, in twm, mry be used to derive the steady— stats
behsvior of the system,

At this poinmt, it is possible to mote 3 striking
amlogy between imrerference systems and statistical mechanics
models (RUEL 69). Loosely speaking, the equilibriom bekavior
of a large scale mechenical system is described by its

mrtiticn foactien Z =§ exp(-Be;) , where the somaticon is

1
over 3ll microstates of the systmm (exmmerated by i) ¢ is

the energy of the i-th microstate and B=1/XT where T is the
ahsolute temperature and k is the Boltzmemn comstamr, The
equilibrion probability that the system is in the state i, is
given by the Gibbs distribution: er;(—ﬁai)/Z . All
thermodyramical foctions  describing  the  systam (e.g.,
erergy, pressare, entIopy) are cbtaired in temms of simple
expressicns  imvolvizg the partitiom  Imctiem  and  its
cerivatives,

The analogy to statistical mecharnics ==y oDow be casily
drawn: An inrerfersnce system zicrostats is desczided bty am
independeat set of oodes in the interferemce ZTao. The
csrdimality of an independent set corresponds to the erergzy of
a microstate. To camplete the amlogy we define the
tamperatiore Of an irzerferscce system as:




=t
4

X lop

(wvhere Xk is the Boltmmm comstant). Note that p=0
corresponds to T=0 and pel correspords to T==, so traffic
increass is associstsd with mising the temperatumIs,. Thas
temperatars measures the  sctivity level of aa irzerferezce
system,

Fith these definiticms the partition foncticn zay be
rewritten as:

)

Ac]

olal/x

in complete smalogy to the statistical mechanics =zodel.

Let us porsse the zmlogy further wmd  imterpret the
"emergy” associated vith a microstate, Define the following
pair-inmteracticn potestial fmcticn mmong podes Xy of the
izterfesence graph G (RUDEL 69, PRES T4]:

- if x and y xx0
ceighbors iz G
oy & Ywowmw i =y
0 otherwise

This potential represemts a fixed “charge” of (1/2) lop
associated with each transmissica and an infinite repalsicn
gmeng imterfering transmissions. The partition fmction of
the irterference systam may now be rewritten as:

!

AGCN

V(a)

where  V(A) 2 E
1, yeA

U(x,y)

is the respective poteztial of the set of mdes A, This
potertial is similar to that associsted with s lattics
interaction model of a ‘hard balls” gas (RUEL 69). That is,
transmissicas might be thought of as balls occupying same
lattice space from vwhich other transmissicns are excluded.
Note also that the fired—charge associated with a transmissicn
=3y bYe described as loh-lpy, i.s,, it reflects the epergy
gaimed by arrivals and lost dne to departures (see [FERD 70]
for =n elaboration of this poimz). From a mors abstract view
{PRES 74, SPIT 71], tha steady-state distzibutiem (2) is
2 Mackov fisld derived from a8 oerarest—meighbor potenrial
foacticn V(A) .

The significance of the represenrsticn is that at this
poizt we have been liberated from the dypmmic Markoviawn
approsch with which we starred, That is, an interference
system is campletely described by the cespective imrerferczce
potezrial, in the sease that e steady-stats distributicn
(and thersfocre any macroscopic property) are given in tems of
this potential, We could bhave used this potenrial as cur
poize of depactuore and gvoid the bizth-date Markovisn model

altogether. This amocunts W sdoptizg the panmadigm of
physicists in amlyzing interfersnce systems, rathker than the
paradign of Queuneing theory. To illustrate this point let ©s
consider classical qoeneing systems in tem=s of imteracticn
poteacial.

Comsider first sn M/M/1/: queceing systam (singles
server, with buffer of size =). A nicro-state of the syst=
is gives bty a mmber 0SKm indicating the length of the
qoene. The potemrial fumeticn of & microstate with k buffersd
custamers should have a contributicn of lop frem the 'charge”
of each custamer snd wm imterference terms. Therefors, the
potential functiom is given by V() = £ lop, and the
raspective partition fumction is:

Z-1+p¢pz+p3*......+p=

Tho Gibbs stats (distributicn) sssociated vith this mrtition
fonction is easily seen to be the distributica of qoeve length
far am M/M/1/m as given by queveing theory [KLEI 76].

Similarly, comsider a Jackson mtwerk of quenes {KLEI
76]. Under the assomption that oo imterference occurs between
any two qoeues in the system, the prtiticn function of the
motwork is the product of the partition foacticns of the
respactive queoes. Jacksom's thecrem zmy therefcre be viewed
ss 3 statement sbout the existence of mo interfersnce elements
in the interacticm potentials between ¥/M/2 quenes cormected
in a petwork, As a mtter of fact, mea of the wark in
apalysis of queweing networks can be vicwed as developing
methods for computing the retwork partition function. This
also explains the inherem imability of classical Queneing
theory to bandle finite-buffer queneing ootworks: As soon s
the quewes start interfering with cach other (e.g.., by
blockirg) the oom interference madel is 20 longer valid. Tke
statistical zechmnics sapproach admits such  imterference by
including adequate eolements in  the respactive potexzial
function. While a full derivaticn is beyond ths scope
this pmper, it is possible to handle firite-baffer queneirg
networks by expanding the partiticn fuocticn in terms cf the
interfersnce terms, This is similar to the virial-series
exrpansicn of interference iz statistical mechanics [RCEL 69]
(the first term in ths series will be the Jacksonian nom
interference eclement while higher crder terms reflect =zormal
blocking configoraticns).

. Eper E Volune And Pressure

Statistical-mechanical =malysis procseds by idemifying
the potential of m irteractizg system, compating the
respactive partition function and from it deriving macroscopic
thermodyramical properties of the system. Pwrsuizg the
aralogy further, we are oow in a2 position to establish a
‘thermodymamical” descriptica of imterference systems. Ve
use standsrd definiticns of thermodyramical fmnetioms (e. 3.,
exerzy, free enmergy, entrepy, pressare) iz temms of the
partiticn froctien [RUEL 69), and them interpret their
respective significarce in temms of imrerferezce systoms,

The emerzy of & micTostats has been seem to correspond
to the size of the respective independemt set
transmissicns. The glcbal epergzy thus corresponds to
gverage mxber of concorrest traasmissions processed by
izresrference system, in other words, the threpur of
systam.

Eflra



More forzally, the epergy of an imterference system is
defined by the loprritimic derivative:

v, - WD) eyt

i
Eatrcpy and presscre are defined in tems of derivatives

of the free wergzy fmmetiom. Toe free emergyy fmoctiom is
defired by:
a4
F=1lz/ lw

The emprrors Of an imterfereoce system is defined by:

s? (UTHU-F) = -k[(lp)T - 1nZ] (3)

This emtrcpy is related to the entropy of the steady-
state distributien (2) by:

S= -k

Ac]

It is easy to show (this is 2 dirsct result of the B-
thsorem for reversible Markov chains, seo also [BENE 63])
that:

7(A) lzn(A)

THEOREM 2.

Given an irterference graph G and =n erergy U the eguilibrim
distribution w(A) given by egeation (2) is the uonigoe
distibution over thes independe=t sets of G maximizing the
satropy

s$ —2 2(A) 1z(A)

Ar]
subject to the comstrsirt

T -} 2(A) 1al.
Ac]

The proof is a trivial exercise in constrained optimizationm;
the temm ‘p'é-lm is ths respective Lagrangs mmltiplier.

Tke pressure is classically defized by:

4

P

3F
3 (4)

-\

Where V demotes the valume of the system. The volome is an

independert 2xtercsl perometer (similar to temperaturs) that
eeds 0 e  defined. HBow should the volume of an
irtrerference systam  be defined? e give an infcrmal

zotivaticn for the &efirition of volmee.

Porsuing the bhasd-balls gas amslegy, <onsider an active
mode of the imterfersmce graph. Soch a mode may be thought of
as the secter of a bhard ball, cresticg an excluded volme in
which other balls may oot coexist, [f d deootes the average

b

degreo of 2 mode, then the expectsd —mber of transmissions
blocked by am active mode is Ad; we ouse id to indicate the
volume occupied by xm active ball, The total mmber of soeh
balls is n/Ad, whers n derotss the totsl rmmber of modes iz
the graph. This rmmber corresponds to the —xber of mxles in
a gus. If the voluoe of s single ools of the kard balls is
YT, then the totsl volume is given by:

A kT -a
Vv = -
ad M i
With this definiticn of the volume, the wmressure of an

interference system mmy be compuored fram the definiticm sbove
(4):

pd S VAT Lo
1op
A
-_z%
Here n, the mmber of modes in the graph, is used as a

contipoons varisble. Such approximation is, of conrse,
=eaningful for sufficiently large interference graphs.

caly

The above argmnents are sizilar to those used in
deriving the Van der-Waals equation of statz of a2 ;as, frem 2
microscopic hard-balls model of interaction. As an immediate

resalt, the following equation of state for interference
systems (amalogous to ths Van der—Waals equation) holds:

PV -1
— = — &z (5
a lrp
Firally, let us imterprst the significance of pressure,

What is ths significance "of the derivative Qg Z ?
Consider 2n icterference graph whoss sgverage degree is
d. Suppose G' is obtained from G by an additica of a1 single
mode, demotsd . The comber of indepondent sets with i-oodes
will grow by a;(G")-q¢;(G). This rComber represezts the
mxber of transmission confizuraticns kaviemg i nodes,
which is the mode x. Therefore the expressicm

cne of

2o (1/2)) o0 )-ay(G ot

represents the probability that the additicml] node is busy.
If we =mltiply this dezivative by id we obtain the o3z= 3t
vhich a transmissicn geoerated by a weighbor of the mode x is
blocked by this oode. Trerefcre the pressure of =
interferspce svstam represents a messure of the gversged rats
of blocking experiscced bv tzansmissions, This is oot asimilar

to the significance of pressure in s ms.

In this sectica we cogpate the partiticn fomctioms axd
amalyze the perfcrmance of a few imterference networks.

4.1, A Svstez With No Interfersnes




Consider a1 system capable of producing n transmissions
which do oot izterfers with esach other, The interference graph
of the system is the complement of the camplete grapgh an o
vertices, The m=ber of independent sets of 1 vertices is
s; = (7). Therefcre the partition fuecticn of the o
interiecence rodel is:

Z=(1+pt

The emergy (thropat) of the system is given by the
lopritimic derivative of Z; it is easily ccmputed to be
U=2p/(1+p)., Thereficre the thropmr per transmitting oode is
p/(1+p) which is easily seen to be the probability that the
2ode is busy, The enrropy per node is:

S
- = =(1/1+p) In(1/1+p) - (p/1+p) la(p/1+p)
a

wvhich is easily seex to be the emtropy of the modal idle-busy
distribotion. Tke pressure of the system is easily computed
to be 0. This reflects the fact that o blocking is
experienced,

4.2, A Complete Tzrerference Model

The ocomplete interference model is. defined to be a
Techaniam where eachk transmissicn irmrerferes with oy other.
This is a crude model of a2 carrier-sense bas with a
oogligible propmgation delsy, The imterference graph is the
camplets  graph Kn. Let o b the oxber of possible

transmissions, Clearly °1(In)=° and for i>1 ay=0, The
partition foneticn of Kn is thus given by:

Z=1+1 (6)

The ecergy acd the pressure aren givem by:

mp Xirl)p
0= — Pz —0m———_
1l +rp 1+

The pressore is idemtical with the blocking probability
obtained When the icad cn the o=twerk increases (ie,, p—
d=), the emergy (thropat) of the metwerk approaches 1 while
thks pressure (blocking rate) increases to infinity,

4.3 A Tandem of Radios

A more interestirg exxmple is that of a tandem of
broadeast staticos,  Scppose cvery mit on the tandem mmy at
acy time instarce be irvolved iz a2 transmission with ce of
its peighbors bur mot both. It is easy to derive the
fermmlas fer c:i‘ ,
trarsmission comfigursticns involving i tnits of s tandem of n
mmits:

following recursive the mmber of

Let Z° derote the partition fmction for & tandem of
lemgth n, then the zbove relatica implies:

ze*l - 7o pZ:rl 70=71-4
Which may be solved to yield:

zn

—=z1 - (/eTh (1

AL,
Here & 2 (-17)/2p and 4 2 yivdp .
Since |&,/% I=(41)/(4%1)<1, the sccond temm in the
expressicn for Z° might be ignored for safficiently lacge

n. In other werds, when n is safficiently large:

1
A{*m-l

The energy por site zmy be campazed to be:

A

1+2p0-A
U/a = -
l+4p-4A

As p a ches 1 the enerzy per site coverges to (1/2)-

(1/2v5) (this be rewritten as n/¥5, weere n is the
"golden ratio” (y5-1]/2). The term 1/2 represents the
thropat per site in beavy traffic if oo irrerference existed;
the mmoxnt 1/2y5 is lost dne to imrerferencs.

It is possible to derive similar expressicns for the
pressure and emtropy and thenm obtain the following resamlt:

THEOREM 3:

When the load o on the oetwork increases to infimity, the
emer r site comverges to 1/2 the exr site

converges to O acd the pressure comverges to irfinity,

The interpretation of these results is that when the oetwerk
is lcaded with transmissicms, cme oot of sy 2 possible
transmissicns  is active and the statos of a link as
transmitting or idle link is persistent (this is reflected by
the zero entropy per site). That is, the tandem is filled by
t train of persistent tracsmissions which prevenr amy idle
lirk from becoming active, Suoch a mctwork may be thought of
as a crystal. The tandem may crystallize in mary forms, i.e.,
mmy pattern of busy transsissions where all idle links ace
blocked is possible, sec the figunre below, The significarce
of this phenomens is in that a lopg-rangs crder ==y be caused
through tightly coupled local imreracticms. Scch lepg=range
order zanifest itself in  packirg the systam  with
transmissicns, This is smilar to the hard-balls —odel of ms
which, wpon corystallizatiem, packs the space with the balls
(ZIMA 79].

e T OREEEE - - ASES S Qe———— R S=S=m———0—, , ..
... T O————OR=S==gm~———QRS===g-—-——Ca====g~—,, ,,
...——Om====¢ o g=s===g-———pe====0--,,,,

e mOm o———-=-0 RE====ge=———Qm———0o==,, .,
=0 An idle linx

o=====g A bosy li=x

Fizare 1: Alternmative Forms of Crystallizaticn of & Tardem




4.4. A Birerr Tree Switch

Consider 2 full birary tree switch comectirg processors

at the leaves, Le: =2 F1 represent the rcomber of lesves
wvhers & is the depth of the trese, At amy time instance tro
mrocessors =ay be irvolved in a transmission through their
least cxren father en the twee, Two transmissicn paths which
cross each other irmzerfere with each other, Such a switch has
been suggested as @ zaltiprocessor cammmicaticn mechanisa
[SHA¥ 82) and as a2 local area oetwerk architecture [YEMI
82]. Let us aralyzs the performarce of the switch,

LEMMA

The m=ber of moninterfering transmission comfiguraticns with
i tracsmissicns (cm a bimary tree owitch with n leaves) is

a; = ("1)

Proof:

For oy transmission configuratica with i transmissions
corresponds a choice of 2i lesves, The comverse iz a1lso true.
That is, given any choice of 21 leaves, thers is 3 mique way
to associzte these lesves in pmirs so that the respective
transmission paths do mot intersect each cther. Therefcre ths
ramber of independent transmission sets with i tramsmissicns
is eqml to the momber of wzys in which ce can choose 2i
lexves cut of n.

Therefore the partition fmcticn for a2 birary tree switch with
n leaves is gives by:

n/2] )
z = GO = (/DR + (1-) 7
=0
Fran this expressicn the thermodyrsmical properties of

the bizary switch zay be easily cozputed, Whea n is
sufficiently large, Z mey be approximated by:

Z = (1/2)(1+p "

Therefors, the emergy per site is given by:
P
G/a = -L—)-
21+

Waen p grows to infimity the epergy per site comverges
to 1/2. That is, each leaf is izvalved in a transmission.
I+ is possible 2o check that the emtropy per site corverges to
0. Again the npetwork becomes 3 crystal where amy two
oeighboring leaves are irvolved in a transmission while all
other transmissions are irchibited. '

Another ixtsresting featnre of the bimmry—tree switch is
disclosed by exxmirinmg the pressure exsrted cn oodes of the
tree. That is, suppose we nodify the definiticn of pressure
slightly so that the average degzxee d is replaced by a degree

[e))

of 3 specific mode irn the interference graph. The rressure st
8 oods of the bicary—tree switch is the aversge presscoe
exeried on trainsmissions passicg through that mode, It is easy
to show that the pressure is maximal st the two podes directly
below the root node, This reflect the (well mowsn) fact that
the bottleoeck of bimsry—tree switch comzrications is at
these two nodes.

It is possible to apply similar amalysis to other
switching =echarisns. This will be stbject of a fertheaming
paper.

4,5, A Carrizr Sense Packet Radio Network

Consider a spread-spectrma Packst Radio Neorcrk [KAHN
77) that nuses a carrier—sense ammltiple access scheme,
Assoming opegligible propagation delays, s transmissica by a
oode blocks its peighbors,  Therefere transmissicns in the

petwork are described by an imerferemce graph idemical o
the bearing graph (i.e,, opodes represemr radics and edges

represent muttal bearizg), Let iy denote the nate of traffic

geperation at pode i (this inclodes both mew arrivals as well
as retransmissions) aed let By derote the mate of trazmsmission

doratice for mode i. This model of packet radio networks has
been first suggested by Boorstyn and Eorshenbam [BOOR 801
and recently applied by other researchers [TOBA 82] to otker
models of packet radio metworks (e.g., busy-toe mltiple
access).

Unlike the models considered s far, the traffic
gexeration is ot wiform. This generalization, bowever, is
straightforward and requires cnly & redefinition of the
partiticn fuacticm as:

Z= } Py
ieA
Ac]
This partition fruction is easily seen to correspond o the
following pair potectial fuocticm:

b if x and y are
reighbors in G
Wy & )/, i ry
0 othezwise
Here p; 4 AJuy is the milization at pode i.
Let r; denote the fracticn of the total waffic that is
transmitted by mode i, ard let A demote the total waffic
gecerated in the oetwerk (i.e., A; = Arg). Tke local

mrilizaticn parmmeters ars linear fmctions of A Thersfore,
the paraseter A zay play the role of 2 oetwerk temperactars.
Tre rest of the derivations follow suit idexically to the
case of cniform traffic gemeraticn. For further details and
slaboration of the model and its consequences see [BOOR 801}.

4.6, A Simple Mcdel of a Database

Vith Distributed Users
Consider a1 database consisticz of 8 st of 2 files
D={1,2..... ,a}. A qoery  of the database  imvolves

sizultaneons scquisition of a subset of D, Two goeries are



said to imterfere if the respective query sets intersect.
This ocomstitTtss an  irterference systam where qoeries are
distributed sgemrs attempting acquisition of & shared resource
(the database). Assaming that all qoezies are equally likely
and that queriss are peperatad fram 2 poisscn arrival source
ard last an erxponextially distritured time, the interference
=de] holds, The modes of the izterferecce graph are subsets
¢f D ard two modes are cormectsd if the respective sthsets
irtersect. Serceforth we shall nse altermatively oodes, quesy
sets and gqueries to indicate the sxme thirg,

Letc‘i‘ derots the mmber of independent sets of i

queries, over a database with n files,

With the sbove definitioms it is easy to sce that the
following reccrsive relation holds:

orl a L ¢ o
™t = ey (#l)ay

This is 2 result of the following srgoment, Comsider an
independent set with i queries over o1 files, Either the
orl-th file is a member of 1 query in the set o oot., If the
prl-th file is not a member,” then the respective set is also
independent over the set of files (1,2,....,2). If the
orl-th file is a member of a qoery, then by elimirmring it
from the qQoery we obtain an independent set over (1,2,....18)
of cardimmlity either i o i-1.

Fram the above relations we obtain the following
rscursive relation ocommecting the mrtition functiom of the
database of n files with that of n+l files,

o
7o+l n

(p+1)Z + p§§
We define the crpomnd transfors:

G(s,p) é} 3%
=0

to obtain ths following differential equation (frem the
recursive relaticns for the partitiom fonctioms).

0 = §§+ Gl1 - (1-3)/ps] + 1/ps

Fram the soluticn of this eqmaticn coe can recover the
transforms 20 and campate the threput and pressure (blocking)
of goeries in the database. A detailed soluxion is beyonmd the
scope of this paper sod will be provided elsewpere.

5. OrderDisorder Phencre= And
Critical Prase Traositions

Ooe of the =zsjor achievements of statistical mechanics
is ip explaining the phepomeron of critical phase transitionms.
A xitical phase transitien occurs, for exmmple, when a
ferromaetic oetal is cooled to its Cuarie's temperature, at
which poim the =metal exhibits spomzanecus magnetization,
C-itical phencoena imvolve & discontirmity in some physical
Froperties of matter whez it is cooled., Such discontimity
cammot occxr im a finitely small system simce all physical

propesties depend cn the temperatore armalytically., Therefore
critical pbhase transiticns are a direct result of the scale,

Are there critical phase trassitioms iz imterferecce
petwarks? In askirg this questicn our inrersst are in
breader set of questions: Are there phemcmens that o may
cxpect to exist in large-scals meowerks and would 20t be
observed in mmall Detworks? Such phenxmera should be of &
mjor irrerest since both oor imruition and amalysis ere
usually guided by extrapolatiom from small scale systems to
large coes. Is it possible that such extrapolatiom will fail?
Are thers pheomera involvirg disconzirmons juzmp (changs in
phase) in the glcbal behsavior of a oetwerk 2s the wmtilization
parmmeters izcrease?

In this section we show that s large «class of
interference models does mot  exhibit  critical | phase
transiticns. However, we show how 2 slightly differemt model
may exhibit critical phenamena,

Consider the tandem of radios of the previcus section.
Interference was created =mong neighborirg hearing links in
the radio opetwerk., Thercfore sz izdependest  set  of
transaissions corresponds to a =atching in the graph of the
cammmication metwark, This observation is troe for & metwork
where imterference is between peighboring links,

We shall call metworks where all inrerferencs is memg
transmissions over peighboring links, matching petwerks., For a
matching petwerk with n podes and = edges, the matching
polyoomial is defined [HEIL 70, GODS 81, GUTY 82] as:

2] -
a(x) 4 (-l)kakX'er

=0
(Here gy is the rmmbher of =matchings in the mtrork with k

edges,) It is easy to see thar:

Z(p) = (yp/ D ol i/ yP) (8)

(Here j=y-1.) VWhere the partiticn functicm cn the left is
the cmr  corresponding to  the inrerfersrce graph of the
respective matching oetwork.

A theocrem doe to Heilomnn and Lied [EEIL 70] (sece
also {GODS B81]) states that all zeros of the matching
polynomial a(x) are real, Therefore, equaticn (8) =Ixplies
that all roots of the pactition fonction zost be real and
pevative, Since 8 critical tramsition poimr (if it exists)
most be a limit of zeros of the partition fumcticn s the size
of the nrowerk increases, we conclode that:

THEOREM 4:

Aze there critical transitions in imterfersoce networks?
Although the above theorem demcnstrates the absecce of sueh



phencmera for a large class of models, it is possible to show
that critical pbenonerm arise in soee networks., A detsiled
discussion of critical phencmena in computer commmmication
oetwerks is beyomd the scope of this paper. However, the
reader is referred to [YEMI 801, YEMI 80b, YEMI 79] for
exzmple of discomtirmous critical charges of phases in some
packet broadcast systems,

6§, Scoe Crirical Coents

The irrerference model comsidered in this work deserves
some criticism. Saome assmpticns oculd be trivially relaxed

without ircorizg acy significant charge, It is possible to
consider asympetric imterference, mom-exclusive interfererce
(i.e., where two transmissions are allowed to proceed

concuxrectly with same probebility), porwmmifarm transmission
gereration rates (as in the packet radio retwork exmmple)
etc. Other assuepticns raquire same discussion.

The assmpticn that each transmission is either idle cr
tusy does oot poperly accomnt for blocked transmissions. The
easy sclxticn of this difficulty is to assme that blocked
tranemissicns are regererated fram the sxoe statistics ss pow
arrivals, This is csually a good approximatican used routirely
ir analyzing multi-access broadcast schemes, A oare adequate
soluticn will be to imrrodnce a blocked state and account for
it in the expressicn for the irterferemce potenmtial.

Another critical objection might be that the model is
too static and does mot accomt for pecket moticem in a
ostwork, Again, the easy answer is the independerce assmmption
[KLEI 76], which moomots to regemeration of each packet in
all nodes ca its way, Given & routing mechaniem the amount
of traffic cn each link =may be determined and the amalysis
above can proceed using this traffic as the traffic generaticm
rats. This xzvoids the nred to track the moticn of individoal
packets. A onore adequats solotion might be obtaimed by
establishing a kimetic theory of packst motion in networks.

Fiomlly, tho problems of cozpoting partition functioms
for mcre complex models tre oot trivial (bowever, we can baild
cpon the vast set of methods used by camputaticml physics).

7, Conclusions

We have deoonstrated that statistical zechanics offers a
visble and attractive alterrative to Qoeoeirg theory in that
it allows coarse—griired description and smalysis of networks,
it can handle interference, it liberates steady—state amalysis
fraz the details of the dypmmics and fimally, it offers
physical insights to the behxvicr of large—scale distribumted
resource sharizg mechanixes, This paper presents semiral work
in this direction. Futmre work will extend the applicaticons to
acre cxplex and mere realistic models of imterference, study
the thermodyremics of networks in more detsils, import and
develcp omprraticmal mmthods to solve [woblems, apply the

tbermodyramical descriptica of =metwarks to design  optimm
renting (e.g., to =inimize pressure) asd flow  comtrol
algorittms (e.3., comrol ‘'Seat” sources) and develcp s

kinetic theory of trafiic moticm iz petworks.
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