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Abstract

We want to compute a worst cas@pproximation to the solution of the Helmholtz equatieAu + gu = f over
the unitd-cubeld, subject to Neumann boundary conditiohg: = g on ard. Let carde, d) denote the minimal
number of evaluations of, g, andg needed to compute an absolute or normalizegproximation, assuming that
f, g, andq vary over balls of weighted reproducing kernel Hilbert spaces. This problem is said to be weakly tractable
if card(e, d) grows subexponentially in—1 andd. It is said to be polynomially tractable if cakd d) is polynomial
in e =1 andd, and strongly polynomially tractable if this polynomial is independent.olVe have previously studied
tractability for the homogeneous versign= 0 of this problem. In this paper, we investigate the tractability of the
non-homogeneous problem, with genegal First, suppose that we use product weights, in which the role of any
variable is moderated by its particular weight. We then find that if the sum of the weights is sublinearly bounded, then
the problem is weakly tractable; moreover, this condition is more or less necessary. We then show that the problem
is polynomially tractable if the sum of the weights is logarithmically or uniformly bounded, and we estimate the
exponents of tractability for these two cases. Next, we turn to finite-order weights of fixed«gradewhich ad-
variate function can be decomposed as a sum, each term depending onatvagables. We show that the problem
is always polynomially tractable for finite-order weights, and we give estimates for the exponents of tractability. Since
our results so far have established nothing stronger than polynomial tractability, we look more closely at whether
strong polynomial tractability is possible. We show that our problem is never strongly polynomially tractable for the
absolute error criterion. Moreover, we believe that the same is true for the normalized error criterion, but we have
been able to prove this lack of strong tractability only when certain conditions hold on the weights. Finally, we use
the Korobov and min kernels, along with product weights, to illustrate our results.

*This research was supported in part by a Fordham University Faculty Fellowship.



1 Introduction

TheHelmholtz equation
Lou:=—Au+qu=f inl?:=(0,1)7, 1)

is an important problem of applied mathematics, physics, and engineering. The fupctioh,, (/¢) is bounded
from below (almost everywhere) by someg > 0. This problem can be solved subject to eitBénichlet boundary
conditions

u=g onar? (2)

or Neumanrboundary conditions
du=g ondl, 3)

whered,, is the outward-directed normal derivative.

How hard is it to solve this problem? Suppose that we measure error of an approximatiorHh(itfe-sense
and that we use the worst case setting. We let(eartd A) denote the minimal number of linear functionals of the
problem dataf, g, andg needed to obtain error of at mast The classA of linear functionals that we use in this
paper will be either the class? of all linear functionals ¢ontinuous linear informatiopor the classA S consisting
of function valuestandard informatioh

Let us momentarily consider a restricted version of this problem, in whieh 0 (homogeneouboundary con-
ditions) and we have complete knowledgeqof For exampleg may be fixed, having a particularly simple form
(such as a constant). We also make the more-or-less standard assumptignvéiras over the unit ball of the
Sobolev spacéd” (14). Note that this version of the problemlisear, and so we can use the standard machinery
that information-based complexitygC) provides for such problems, see [15, Section 4.5]. First, suppose that we
useA?!. From [18, Chapter 5], we find that caedd, A@") is proportional ta(1/¢)4/"+D for the restricted version of
our problem. Next, suppose that we us®?. Since the Sobolev embedding theorem tells us that standard information
is not well-defined unless > d/2, we will need to assume thdtvaries over the continuous functions belonging to
the unit ball of H" (1¢) if r < d/2. Once again using [18, Chapter 5], along with [6], we find that i 4/2, then
carde, d, ASY) is proportional to(1/e)?/”, whereas if- < d/2, thee-complexity is infinite for sufficiently smak.

We now return to the original (non-restricted) problem, whichaslinearbecause the solutianof (1) depends
nonlinearly ory. Clearly, this problem is at least as hard as the restricted version. For the classical Sobolev formulation
of our problem, the exponent ef 1 can be arbitrarily large for fixed and varyingd. This means that our problem is
intractable since (using the terminology of Bellman [2]) it suffers from these of dimensionality

If we want to vanquish the curse of dimensionality, we need to change the problem formulation. Since we are
generally loath to give up the strong assurance of the worst case setting, we will need to assume that our problem data
lie in spaces other than classical Sobolev spadésghted tensor product spadeave been successfully used in the
past as the source of input data for high-dimensional problems, see Chapter 5 ff. of [10], as well as the references
contained therein.

In [20], we studied tractability for the Helmholtz equation under homogeneous Dirichlet or Neumann bound-
ary conditions, showing that weighted tensor product spaces could snatch the Helmholtz problem from the jaws of
intractability. It is only natural to ask whether these spaces can also help for non-homogeneous boundary value
problems. In this paper, we will show that this is indeed the case for Neumann boundary conditions. Since the non-
homogeneous Dirichlet problem needs different techniques than the non-homogeneous Neumann problem, we will
treat the non-homogeneous Dirichlet problem in a future paper.

Here is a brief overview of this paper’s contents.

The purpose of 82 is twofold. First, we precisely define the Neumann problem that we will be studying. We will
assume that the problem dafa g andg¢ belong to reproducing kernel Hilbert spac&K(Ss). Let us make this
idea more precise. Fdre {d — 1, d}, let K, be a reproducing kernel defined over (%, and letH (K,) denote the
resultingRKHS. We will let H (K4_1) be aRKHS of functionsg defined on the boundary éf , such that the restriction
of g to any face off? belongs toH (K;_1). The functionf will vary over the unit ball ofH (K;). We will let g vary
over thep-ball of H (K ), with the additional requirement that> go. Finally, ¢ will vary over those elements of the
unit ball of H (K;_1).

The second purpose of 82 is to precisely define what we mean byapproximation, which will depend on the
error criterion used. On the one hand, we can use dbsoluteerror criterion, in which we want the error in our



solution to be at most; on the other hand, we can use th@rmalizederror criterion, in which we want to reduce
the initial error by a factor of. Here, thenitial error is the minimal error over all algorithms using no information
whatsoever about the problem data g, andg, which turns out to be the error of the zero algorithm. Although
the absolute error criterion can be influenced (for good or ill) by the scaling of our problem, the normalized error
criterion is less sensitive to such concerns. Obviously, (eart] A) depends on the error criterion being used. We
stress that caxd, dA) only determines thenformation complexityi.e., the amount of information needed. Clearly,
it is important to study théotal complexitywhich also includes the combinatory cost of using information about the
problem data to obtain an approximation. Since our problem is nonlinear, it is not clear whether the total complexity
is of the same order as the information complexity. We hope to investigate this issue in a future paper.

83 gives some a priori inequalities for our problem. Perhaps the most important is a perturbation estimate for the
difference between two solutions corresponding to different problem data. This estimate relies on the Sobolev trace
theorem. Since the usual proofs of this theorem involve partitions of unity, they suffer from several disadvantages:

e They require more smoothness than that provided by the unit cube.
e They give no clue about how the embedding constant depends on the domain in question.
e They tend to be somewhat complicated.

However, Vilmos Komornik [7] developed a simple, elegant proof of the trace theorem in 2003, which allows one to
explicitly compute the embedding constant for domains (such as the unit cube) whose boundary is only pietewise
Since his result is only available via the World Wide Web, Prof. Komornik has graciously allowed me to include his
proof in this paper.

In 84, we show that if we know how to db,-approximation for functions defined over a unit cube, then we can
approximate the solution of our problem. We show that for a fixed valué dfie information complexity of our
Neumann problem is dominated by the information complexity offth@pproximation problem.

In 85, we discuss various notions of tractability, see [10] and the references cited therein. Our problem is said to
be

o weakly tractabléf card(e, d, A) grows subexponentially in—1 andd,
e polynomially tractablef card(e, d, A) grows polynomially ine~1 andd, and
e strongly polynomially tractablé card(e, 4, A) grows polynomially ine—2, independent of .

Since the information complexity tacitly depends on the error criterion being used, the same is true about the tractabil-
ity of the problem. Although generalized (i.e., not necessarily polynomial) tractability has recently been studied in [5],
the vast majority of work on tractability has dealt with polynomial tractability. Since this paper deals only with poly-
nomial tractability and strong polynomial tractability, we will omit the adjective “polynomial” in the sequel whenever
this will cause no confusion.

So far, the reproducing kernels determining our problem elements have been more or less arbitrary. If we are
going to discuss tractability, these kernels must be related to each other in some mahvaties In 86, we discuss
weightedRKHSs. The idea here is that we start out with a fixed “master” kekhdbr the univariate case, such as
the Korobov kernel (29) or the min kernel (30). We introduce a family {ys i u € {1,2,...,d},d € Z" } of
weights. The most well-studied weights have been

e product weightg31), in which the role of any given variable is moderated by its particular weight, and

o finite-order weightg32) of order w, in which ourd-variate functions can be decomposed as sums, each term
being a function of at mosb variables.

Our reproducing kernek; is then
Kax.y)= > vau[[KGj.y)  Yxyel’
uc{1,2,....d} jeu

Hence tractability now depends on the weight sequenaed master kernet .
In 87, we give tractability results for weight®KHSs, these results holding for any master kerkel



1. First, we look at product weights. We find that if the sum of the weights is sublinearly boundedhan
the Neumann problem is weakly tractable for bot' and ASt under both the absolute and normalized error
criteria. Moreover, if the sum of the weights st sublinearly bounded i@, then there is a kernél such
that the problem is not weakly tractable under the absolute error criterion. We then show that if the sum of the
weights is logarithmically bounded ify then the problem is tractable for both the absolute and normalized error
criteria, giving estimates for the exponents of tractability.

2. We next look at finite-order weights, assuming that the weights themselves are uniformly bounded. Under these
conditions, we prove that the problem is always tractable for both the absolute and normalized error criteria,
giving estimates for the exponents of tractability.

The results of §7 only establish tractability, and not strong tractability. This should be contrasted with the results
of [20], where we were able to show that the homogeneous Dirichlet and Neumann problems are strongly tractable
under certain conditions on the weights. Is our lack of a strong tractability result for the nonhomogeneous Neumann
problem an artifact of our proof techniques, or is it inherently characteristic of our problem? ISihes 2/ faces,
one would expect that any “good” algorithm for this problem will need to sample at each faéetbis would rule
out the possibility of strong tractability. We make this precise in 88. Regardless of whether we are using continuous
linear information or standard information, the nonhomogeneous Neumann proateratbe strongly tractable for
the absolute error criterion. We conjecture that this is also true for the normalized error criterion, but we have only
been able to prove this under certain hypotheses on the weights.

The results so far have been for a more-or-less arbitrary master reproducing Kermel89, we look at two
specific kernels: the Korobov kernel (29) and the min kernel (30). We restrict our attention to product weights. The
recent paper [9] considers the resultihg-approximation problem, giving estimates on the exponents of tractability
depending on the kernel and the weights. Using these results, we derive estimates on the exponents of tractability for
the Neumann problem.

This is not the whole story for the Neumann problem; we have additional results. Since the current paper is already
so lengthy, they will be included in a separate paper. However, let us give the reader a brief overview of these results.

The results in the current paper are based piapproximation. We can get better results if we iseapproximation
for f andg, andL »-approximation fog. The results of [8, 9] give conditions under whiEl- andL »-approximation
are related, which are illustrated for the Korobov and min kernels under product weights. We can use these results to
get better estimates for the tractability exponents of the non-homogeneous Neumann problem. In addition, we will
revisit strong tractability for this problem. We will show that the non-homogeneous Neumann problem is strongly
tractable for a slightly-reformulated definition af! under the normalized error criterion.

2 Problem definition

In this section, we define the Neumann problem to be studied. Having done so, we then recall some basic concepts of
IBC.

Let us establish a few notational conventionsRIfs an ordered ring, theR™ and R** respectively denote the
non-negative and positive elementsif If X andY are normed linear spaces, then Lip[Y] denotes the space of
bounded linear transformations &finto Y. We write Lin[X] for Lin[ X, X], and X* for Lin[ X, R]. The unit interval
(0, 1) is denoted by . Finally, we use the standard notation for Sobolev inner products, seminorms, norms, and spaces,
foundin, e.g., [11, 18].

We first start with a variational formulation of the Helmholtz equation (1) under the Neumann boundary condi-
tions (3), see (e.g.) [3, pp. 35-40]. Uej = —A + ¢, asin (1) and

By(v, w: q) = / [Vv-Vw4quw]  Vo,we H(I?, g € Lo(I?),
Id

so that
By(v, w; q) = (Lqv, w),ay + (B0, w) 000y Yv € HX (), w e H'(I?). (4)



Let go be a positive number, independentdofDefine

0a=1{q € Loc(I?) 1q > qo}.

The Lax-Milgram lemma implies that fof € L»(I9), g € Lo(319), andg € Qg, there exists a unique =
Sqi(f, g, q) € HX(I?) such that

Ba(u, w; q) = {f. w),a) + (8 Whpyp0)  Yw e HH(ID. (5)

From (4), we see that is the variational solution to the Neumann problem (1) and (3).

We will want to approximates, (f, g, ¢q) for f, g, andg belonging to certain reproducing kernel Hilbert spaces
(RKHSs), which we shall now define.

Ford e Z*+, let K, be a reproducing kernel defined ove#, with H(K,) denoting the resultin@KHS, see
(e.g.) [1] for further discussion. The norm and inner produdd@k ;) will be respectively denoted by, -) i (k,) and
Il - | (k,- In what follows, we assume that

eSS SupK (X, X)| < 0o YdeZ'T. (6)
xeld

It then follows thatH (K ) is continuously embedded in bothy (19) and L. (1¢). More precisely, let App, denote
the embedding off (K ;) into Lp(ld) for p € {2, oo} defined by

App ,v =1 Yve H(Ky).

(We use App , as the name of this embedding, since we will be discussing.th@pproximation of functions
from H(K,) in the sequel.) From the reproducing propertykgf, we find that

1/2
I APPg 2 lILin 7 (K 4y, Lo(1dy] = </1d Kq(X,X) dx) (7)
and
Il APPg oo ILin[ H (Ky), Loo (19)] < €SS EUH’Kd(X, X)|. (8)
xel

Hence, the embeddings App and App, , are well-defined continuous linear mappings, as claimed.
We also need a space of boundary-value functions. This will be the :Epeﬁg,l), which consists of functions
defined oved 7¢ whose restrictions to any face df belongs toH (K4_1).
First, we consider the cage> 2. Forj € {1,...,d} andé € {0, 1}, let I;fg denote the face; = 6 of the unit
d-cube, so that
o= ) 14,

1<j=<d
0e{0,1}

Then we define
H(Ky_1) = {azd S Riv|,y € HKg-p)forje{l,....d},0 €01 }
J.0

which is a Hilbert space under the inner product

(v, w>H(Ed—l) = Z <v _

la' , W
j.0
1<j=<d
0e{0,1}

Yo, w e H(fd_l).

149>
P IH(Kg-1)

By our choice of notation, we are hinting thei(K4_1) is anRKHS under a reproducing kern&l;_1. We now define
this reproducing kernel. Let y € 379, so thatx € I]‘{G andy e I]‘.’,’e, for somej, j € {1,...,d} andd, 8’ € {0, 1}.
Then _

Kaq_1(X,¥) =8; jr89.00 Ka—1(X[;1. Y117



where
)A([j] = (X1, ..., Xj_1, Xj41, ..., Xg) and 9[j/] = (Vs e os Yjm1s YVjigls - o s Yd)-
In other words, ifx € 1¢,, then
~ Ka-1(8;1,) onl¢,,
Kg-1(X, ) = Ll 70
0 otherwise.

We see thaH(I?d,l) is continuously gmbedded in bothy(97%) and L. (31¢). More precisely, fop € {2, oo}, let
APPs-1,, denote the embedding &f (K;_1) into Lp(ald). Since

(APPa_1 ) 19, = APR1,p <g|1/‘.{9)

foranyg € H(K4_1) and any facefd9 of 14, we may use (7) and (8) to see that

1/2
IAPPg 1. 2llLin{ 11 (1), Lo014y) = 1 APPa—1.2 ILin[H (Ky_1), L274-1)] = (/,dl Kaq—-1(X, %) dX> 9
and ~
IAPPy 1,00 lLin[ £ (Ry_1), Lo 31¢)] = I APPa—1,00 ILin[ 71 (Ky_1), oo (19-1)] < €SS §U¢Kd—1(X, X)|.
xel

Up to this point, we havg defined the kerrféj_l for the casel > 2. What should we do whe# = 1, i.e., how
should we define the kern&lg? Since the Neumann boundary conditions for can be recovered exactly, we can take
Ko to be the identity operator.

We want to efficiently compute approximationsif(f, g, ¢) for [f, g, q] € Ha x Hy 1 x (Qg N Hy .p). Here,
H, and H,_; are the respective unit balls (K ;) andH(Kd 1), andH, , is the ball of radiug in H(Kgz), where
p € R™" isindependent of.

Of course, this problem is well-defined if and only@jy N Hy,, is nonempty. In particular, we will assume that
the positive constant functiafp belongs toH, ,.

Let U, , be an algorithm using at mostinformation evaluations from a clagsof linear functionals orH (K ;) U
H(K4_1). Here, A is eitherA® = [H(K4)]* U[H(K4—1)]* (continuous linear information or the classASt
consisting of function evaluations df (standard informatioh

Remark2.1 How should we count these information evaluations? For standard information, which has the form

N(f. g qD =1fX0), ..., fXnp)s 8Y1)s -y 8Ynp), q(Z0), - - ., 4 (Zng)] VIf, & q] € HixHa_1x(QaNHa ),

the answer is straightforward: the total number of information evaluatioms4sno + n3. Things get a bit trickier
when we deal with continuous linear information, which has the form

N((f, 8 qD) = [N1f. Nog, Nagl ~ VIf.8.9] € Ha x Ha-1x (Qa N Hap), (10)
where
Nif =[{fs O H&Ksys - (S fadakp]l VS € Ha,
Nog =[(8. 80 (&, -+ (& )&, p] V&€ Ha1. (11)
N3g = [{q, q1) H(Ky_1)s -+ (@ @na)H(kyp]  Yq € Qa N Ha,p.

Clearly the total number of information evaluations needed to calciNafeand N3g areni andns, respectively.
However, we need to be more careful when counting the number of information evaluations needed to églgulate
This is because we are countifly K ;_1)-inner products as primitive operations, rather thE(K 4_1)-inner products.
Writing theith information evaluation appearing ¥pg as

(880 nk, »= D <g|1d 8l s > ’

1<j<d H(K4-1)
6€{0,1}



we see that we can evaludig 8i)H(ER, 1) usingk; evaluations ofd (K;_1)-inner products, wherk < {1, ..., 2d} is

the number of ?-faces at whicly; is not identically zero. This means that we can evaluate the information (10)—(11)
using
nz
nl+2ki +n3 <ni+2dny+ns
i=1
information evaluations. O
The worst caserror of Uy, is given by

e(Udgn, Sa, A) = sup 1Sa(f, & @) — Uan(f, & Ol gr(say
[f.8:9]€HaxHy—1x(QuNHy,p)

and thenth minimal erroris defined to be

e(ns Sd? A) = (|]nf e(Ud,nv de A)’
d,n

the infimum being over all algorithms using at masinformation evaluations from\. Since the zeroth minimal
error uses no information evaluations at all, it is independemt,aind so we simply write it as(0, S;), rather than
e(0, Sy, A).

If ¢ € (0, 1), we say that the algorithiti; , provides are-approximationto S, if

e(Ugan, Sa, A) < ¢ - ErrCrit(Sy).
Here, ErrCrit will be one of the two error criteria

) 1 for absolut
ENCrit(S,) or abso u.e error (12)
e(0, S;) for normalized errar
Let

carde, Sy, A) =min{n € ZT : e(n, Sy, A) < & - ErrCrit(S,) }

denote thes-cardinality numberi.e., the minimal number of information evaluations frdomeeded to compute an
g-approximation tas;. In what follows, we shall let denote tlecardinality numbers for the absolute and normalized
error criteria by “car@® and “card®”, respectively. We shall write “card” when we are dealing with results that
apply to either error criterion. Note that c&dS;, A) was denoted card, d, A) in the Introduction. The reason for
writing S, instead of/ is that it will be helpful to stress the specific problem that we are considering in the sequel.

3 Some a priori estimates

In this section, we establish some a priori estimates that will be useful later. Our main goal to establish Lipschitz
continuity of our problem. More precisely, we will show thatff[g, ¢] € Ha x Ha—1x (Qa N Ha,p) and [f, g, q] €
Hy x Hy_1 x Hy p, then

[Sutt 8.9 = Su(F.8.0@)| 1 0, = Cotio (1 = Fhzagasy + 10 = Glyqr0, + 8 = Ezggare)) -
with an explicit value for the Lipschitz constafif; | jp that depends on the parameters describing our problem. Here,
¢: H(K;) — Qg is defined as

dW)(X) = maxv(X),qo}  Vxe I ve H(Ky).

We proceed in several steps.

Our first step is to give a trace theorem for the unit cube that gives an explicit value for the embedding constant.
As mentioned in the Introduction, this proof was discovered by Vilmos Komornik [7], and is presented here with his
permission.

First, we give the trace inequality for general regiéhs



Theorem 3.1. Let Q@ be a bounded open domain Bf having a piecewis&! boundary and outer-directed unit
normalv. Suppose that there exists a functlon®2 — R that is continuously differentiable a2 such that

a = inf h(x)-v(x) > 0.
XedQ

Let

h divh

ThenH1() is continuously embedded irp(32), with
Ivlizo09) < Cemb($D) IV g1 Vv e HYQ).
Proof. By the usual density argument, it suffices to establish the estimate forall'(2). For suchw, we have
div(v?h) = V(¥?) - h + v2(divh) = 2vVv - h + v3(divh).

Using the divergence theorem and the definition pfve now find that

af v2§/ (h~u)v2=/ (vzh)-yzf div(vzh)=2/ v(Vv~h)+/ v2(divh).
a0 Q2 Q2 Q Q Q

Using this inequality, along with the bounds

2 fQ v (V0 1) < 0@ @10I@ I Vol @) < Il (10120, + 19912,0))
and
/ v2(divh) < [ divhilL @ 1012, g,
Q
we obtain the desired result. O
Specializing to the case@ = 14, we have

Corollary 3.1. The spaced1(1?) is continuously embedded irp(317), with

0l 000 < vV2d + Llvlgaga, Vv e HAIY.

Proof. Chooseh(x) := x — % in Theorem 3.1. If we leéy, ..., e; denote the standard basis vector®éf we find
et u|,j[_,ﬁ = (-1)*e; for j e {1,...,d},0 € {0, 1}.
Thus
a=inf he)- v =3 and [Nl +IdVhig e =3 +4d,
and soCemp(14) < +/2d + 1. O

Our next step is to use a minimum principle to establish an upper bound dndhreorm of the solution.

Lemma 3.1. Let

1 1+ cosh/q0
no = — and n = il U (13)
q0 /90 cosh,/qo

For f € Lo(I?%), g € L»(31%), andg € Q4, we have

1Sa(f, & Dllpaay < noll fllp ey + mdlgle ey



Proof. In the proof of this lemma, all pointwise inequalities are to be understood as holding almost everywhere.
We first claim that for any € Q,4, the minimum principle

ve HYIY A[By(v, w, g) > 0 for all non-negativev € H*(1¢)] = v > 0in ¢ (14)

holds (see [13], as well as [12], for an analogous inequality over smooth regiff9.inndeed, suppose otherwise.
Then the sett = {x € I¢ : v(x) < 0} has positive measure. Let

w(X) = max{—v(x),0}  Vxe I

By [21, Corollary 2.1.8], we have) Hl_(Id). As in the proof of [20, Lemma 4.2], we easily see tRat = —Vv
almost everywhere ii?. Sincew > 0on/?, andw = —v on A, we have

0=< /d Vo = — /d Vo Vw = —Ba(v, wi 4) + {qv. w) 1,0
I 1

< {qu, w) ,dy = —(qV, V) 1p04) < —qollvlIZ,4) < O,

a contradiction. Hencd cannot have positive measure, which establishes the claim.
Next, we claim thats; (0, g, -) is antitone for any > 0, i.e., that we have

[91. g2 € Q4 With g1 > g2] A [g € L2(31?) with g > 0] = $4(0. g, q1) < Sa(0, g, 92). (15)
Indeed, lew; = S4(0, g, ¢;) fori € {1, 2}, noting thatvy > 0 by (14). Set = v2 — v1. Now
Ba(vi, 3 q1) = 0= Ba(vz,5q2)  OonH'(1%),
Thus for any non-negative € H(1?), we have
Bi(v, w; g2) = ((q1 — g2)v1, w)p,a) = 0.

Using (14), we see that> 0, as claimed.
Now fix f € La(I9), g € Lo(31%), andg € Qq4. Letu = S4(0, g, ¢). Using [20, Lemma 4.3], we see that

1Al
I1Sa(f. 8 DN Laay = NSa(fillgl Lo (rdys ONlpyray + Nullp o ray < T() + llull L 14)-

Letug = S4(0, ligllL (14)> q0)- Itis easy to check that

uo(x) = Mgl le(x ) vxel

0 Jqo0sinh. /g0 / ’
where
¥ (t) = cosh/qot] + coshl/qo(1 — )]
Since
”uO”Loo(Id) = nld”g”Loo(]d),
it only remains to show that
lullp zay < oz r4y- (16)

Letus = S4(0, llgll,_ 14> ¢), noting thatu; > O by (14). Again using (14), we see that
By(u1—u,-,q) =0onH'(I") andus —u = ||gll, e — & =00NII? = u >uin I’
and that

By(u+u1, -, q) =00nH 1Y) andu +u1 = g + lIgll, ey = 00Nd[? = u > —uzin 1,



and so
lu] <uq in 7¢.

SinceSq (0, ligll. 14y, ) is antitone ang > go, we have
w1 = 5400, ligll ey 9) < Sa(O, gl sy, g0) =uo  in 1%,
Combining these last two inequalities, we easily find that (16) holds, completing the proof of the Lemma. O
We now have the following perturbation estimate for the Neumann problem.

Theorem 3.2. Let[f, g.q].[f. &. 4] € Lo(I?) x L2(31%) x Q. If we additionally know thatf € L. (/¢) and
g € Loo(319), then

ISa(f, 8. q) — Sa(f, &, Dl g

< mintL 0] [llf — Fllzyaay + @oll fll oy + mdllglp @ra)llg — Gll ey + 24 + 1)ig — g’lle(ald)] ;

whereng andn; are as in(13).

Proof. Letu = Sy4(f, g, q) andii = Sy(f, g, ). Settingw = u — i, we have
(f = fs U)>L2(1d) +{g—28& w)Lz(aId) = Bq(u, w,q) — Ba(u, w, q) = Ba(w, w, q) + {(q — @u, w)Lz(]d)s
and so

min{1, q0}”w“§{l(1d) < Bsw,w.q)=(f - f, W) pody (8 — & W) p,irdy — (@ — @u, w)pygay- (17)

Clearly
|(f = Fow)m| = 1 = Pligan lwlyqo, (18)

Moreover, Lemma 3.1 yields

[((q — Du, w) a0 | < Nlg = Gl pyaylull L cray lwll gy

~ (29)
< moll fllL ey +mdligl L ora)ld — qll,ayllwllizyay-
Finally, we may use Corollary 3.1 to see that
l(& — & w) 10| < 118 — &ll Lm0 lwl @iy < V2d + 18 — &l pyaray lwl gagay,- (20)
Substituting (18)—(20) into (17), the desired result follows. O

We now establish our desired error bound.
Corollary 3.2. Let

maX{\/:_’), (o +m) - max{ IAPP 1,00 lILin[ (R 1), oo (314)]» | AP, 00 ILin[ # (K 4)., Loo (19)] H

Ciiin=d- -
L min{1, g0}

whereng andn; are as in(13). If [ £, g, q] € Ha x Hy—1 x (Qa N Hap) and[f, &, 4] € Hy x Hy_1 x Hy,,, then

[saf 8.0 = Sa(F. 8. 0@)| = Caip (1f = Fligaey + g = @llyan + I8 = Eliyorm) -

HL(14)
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Proof. For [f, g]. [f. &] € Hq x Hq_1, we clearly have

Lz crdy = I1APPY, o0 lLin[ H (K g), Loo (19)] and  lIgllz o @rd) = IAPPy—1 00 lLin[ H(R, 1), Lao(@19)]-
From the proof of [20, Lemma 4.5], we have
lg — & @Dl,iay = Nlg — qliLyia)-
The desired result now follows from Theorem 3.2 and these inequalities, along with the fatetizat™. O

The form we have chosen for the Lipschitz constapf_ i was dictated by convenience. It is easy to see that
Theorem 3.2 can give us a somewhat better valu€fary,, but the improvement is very slight.

Having established a value for the Lipschitz constaftip, we now establish bounds on the initial error. In what
follows, we letInt;_1: H(K4;-1) — Rand In: H(K;) — R and denote the integration problems defined by

Inty_1z = /d 1z(y) dy Vze H(K4-1)
Ja-
and
Int;z = /d z(y) dy Vze H(Ky),
I

respectively.

Theorem 3.3. The initial errore(0, S,) satisfies the inequality

V2d || Intg—1 ll{ak,_p)
max{1, go}

- I Appd,z ||Lin[H(Kd),L2(1d)] +v2d + 1] Appd—l,z ”Lin[H(Kd,l),Lz(Id—l)]
N min{Z, qo} '

maxy || Intg 17 k)

} < e(0, S4)

Proof. We first consider the lower bound. Since the relatig@, S;) > | Inty ll[z(k,)+ Was established in [20,
Lemma 4.10], we only need to prove that

~2d ||Inty_1 l{r ko)

e(0, Sg) >
max{1, qo}
Chooseg; in the unit ball of H(K;_1) such that
Inty_1z = Intg_1 l[ak,_p)*-

Defineg: 1Y — R by

—1)f .
gx) = %z(im) if x € Ij‘.{g forsomej € {1,...,d},0 € {0, 1}.

Then
2 1 2 2
2
ek, = D |8lue, =07 2 Ml y = I, =1
1<j<d w I H (Kg-1) 1<j<d
6e{0,1} 6€{0,1}

and sog € ﬁd_l. Now letu = S4(0, g; g0). Since||1|| y1,4y = 1, we have

max(L, go}llull 1 ¢y = Bau, L; qo) = (g, Dy 010y = fa g0dx= )" [ L (D780 dx
1 1/,9

1<j<d """
6¢(0,1)
1
=2d- 7o /;dfl z2(y)dy =~2d /I‘HZ(V) dy =~2d || Inty_1 l[a&,_ )

11



Hence
ved | Intg_1 I ek, D)

max{1, go}

e(0, Sqg) > ||”||H1(1d) >

’

as required. N
We now turn to the upper bound. Choogegd, g] € Hy x Hy—1 x (Hy , N Qg), and letu = S;(f, g, q). From (5),
we see that

By(u,u; q) = (f.u) gy + (8 U) L,019)-
By the definition ofB; and Corollary 3.1, we see that

i 2
min{1, 610}||M||H1(1d) S Wyl pyeray + 181 L@y lwll 2014

<[ f N,y +v2d + Lligl ppray lull gaays

and so
1S 2. )l — ||f||L2(14) +~2d + 118l 1,019
1c7dy — 1c7d
8> ) H1(19) H(gd) = min{L, qo}
|| APP, 2 ILin{ i (K4, Lo(rdy] T V2d + LI APPy_1.2 ILin{ (K y_1), Lo(14- bl
mm{l g0}
Since [f, g,q] € Hy % Hy_1 x (Hg,, N Qq) is arbitrary, the result follows immediately. O

Noting the presence of th@(+/d)-factor on both the upper and lower boundsz¢®, S,;), we see that these bounds
are fairly tight, assuming that the norms involved are reasonably close to each other.

4 Reduction to the L,-approximation problem

Suppose that we know how to do- apprOX|mat|on of functions fronfl (K ;) andH (K 4_1). From the latter, it follows
that we can dd.,-approximation forH (K4_1). We can then approxima® (£, g. ¢) by Su(f, &, §), where the tildes
denote approximations. Using Corollary 3.2, we can then estimate the error in this approximation, which allows us to
obtain bounds on the-cardinality number.

Let us make this more precise. First, & = (App, 2)* (App, 2), which is a compact self-adjoint operator on
H(K4) having finite trace. Let(Ay, j, eq.;)}jcz++ denote the eigenpairs &, with {es, ;} jcz++ being an orthonor-
mal basis forH (K ;) and with

Ad1>Xrg2>...0 and lim Ad, j =0.

J—>00

As in [17], we consider the problem App of approximating functions front/, in the L>-norm. We first con-
siderA@!. Using results from [15, Chapter 4], we find that the algorithm, 2 defined by

n
Agpanf = Z(.f, ed,j Y H(kped,j V[ € Hy
j=1
is annth minimal error algorithm using. @, and that therth minimal error satisfies
r(n, APPy 2, A™) = e(Aa nal, APy 2, AM) = Vhd 1.
Moreover, since

o

E Aqj = traceW, = / K4i(X,X)dX < oo,
. 14

j=1

12



we see that

J/tracew,

,A ’Aall < .
r(n, App, 2 ) < NoES

Letting
Tdall = sup{ r>0:lim iqg;n" = 0} ,
J—>00
we see that; a1 > % Note that this result holds for any kerrté} satisfying (6). For smoother kernels, the eigenvalues

of W; might decay more quickly to zero, which would give a larger value jgji.
Next, we considen s, Again following [17], we can use the result fad!, along with the fact that

. tracew, \ /2
r(n, Appy. 2, ASY < min (rz(j, App, 5, A + —d> :
’ JEZ* ’ n

to see that

J2traceW,
r(n, Appy 2. A% < A

More recently, Kuo et al. [9] have shown that

2rq all
2rgan+1

Furthermore, they have conjectured that if (6) holds, then = r4 st
We summarize these observations in

rdall = T'd,std = 7d,all-

Lemma 4.1. Letk € {all, std}. There existy a1 > % andrg std > %, as well asCy x > 0, such that there is a linear

algorithm A4, for the approximation problem usingevaluations fromA¥, whose error satisfies

Cax
nfdk’

e(Ad.nks APPy 2, AM <

For A2 we may take
raal =3 and  Cgal = /traceWy,
whereas forAS!, we may take

rasd=3 and  Cysa=+/2traceW;. O

We now are ready to prove a result that tells us that

carde, Sq, A = 0 (max{carots, App, . AY), carde, App,_1 5. A")}) )

Theorem 4.1. The Neumann problem is no harder than thg-approximation problem. More precisely, fér €
{all, std}, we find that the following hold:

1. Foranyn € Z*, there exists a linear algorithrty; ,, x usingn evaluations from\¥, such that
Cax

k
eUgnik,Sar A") < —
n d.k

: (21)

where (using the notation of Lemmial)
Car = Carip[3*Cax(p +1) + (6d) " Cy-1.4]

and
rgr =min{rg g, ra—14}.

c* ry .
carde, S5 AFy < | [k )
de, Sa. A") < ’7<5 ErrCrit(Sd)) —‘

13
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2. Let
ry = inf e ks (22)

leZ*+t

noting that we can always find algorithms such that

rar>3 and  re> 5.
Then
k Ciu "
carde, S;, A*) < _— )
de, Sq ) (e ErrCrlt(Sd))
with
Cir=6%p+1)d™* CyrLip(Cak+ Ca-1). (23)

Proof. Let k e {all,std}. Forn e Z*, define an algorithrmj;fl’n’k for Lo(31%)-approximation of functions
from H(K4_1) by

(AG-106 8) |14, = Ad-Lin/2) & <g|,79) Vg e H(Kg-p).jell,....d).0 €{0.1).

We clearly have

Ca—1,k =
||g — Azfl,n,kg”lzz(ald) < W”g”h’(k‘dfl) Vg (S} H(Kd_l).

Now let [f, g, q] € Hy x Hy_1 x (Qq N Hg ,). Pickn € Z*; we assume thabd)|n without loss of generality. We
then find that

Udni(fr 8 q) = Sa (Adnszrf, del,n/&kg, ¢ (Adn/3q)) -
From Corollary 3.2, we see that

1Sa(f, 8 @) —Uani(f, & Dllua)
< Caviplllf — Aanszi fllL,ay + g — Adnzkqllp,gay + 18 — Ag_1,/3x8 1 Lo014)]

[CaxUfllaky + Nl Ca-relglu®,
< Cu,Lip - X
(n/3)7x [n/(6d)]7a-1k
Cax
nr:lk,/\ ’
which implies that (21) holds. The remainder of the theorem follows immediately. O

5 Notions of tractability

So far, we have treated the number of varialdlexs a fixed parameter. In the remainder of this paper, we consider a
sequence = {Sy},cz++ of Neumann problems, studying the dependence of(eafd, A) on bothe andd.

First, we describe various levels of tractability for our Neumann problem, see (e.g.) [10] for discussion. The
problems is said to baveakly tractablen the classA if

. Incarde, S;, A
lim M —

1 0.
e~l4d—o0 e+ +d

A problem is weakly tractable iff the cardinality number grows subexponentially trandd. The problems is said
to be (polynomiallytractablein the classA if there exist non-negative numbefs perr, and pgim such that

1 Perr _
carde, Sz, A) < C (-) dPbdm Vee(0,1),deZtt. (24)
&
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Numbersperr = perr(A) and pgim = pdim(A) such that (24) holds are called andd-exponents of tractabilifythese
need not be uniquely defined. Finally, the probl&ns said to bestrongly (polynomially)tractablein the classA if
pdim = 01in (24); in this case, we define

) 1 Perr
pstrond A) = inf { perr > 0: 3C > 0 such that car@, Sy, A) < C <—> Vee(0,1),d e ZtT }
&
to be theexponent of strong tractability
Using Theorem 4.1, we immediately have

Corollary 5.1. Letk € {all, std}. Suppose tha22) holds. Using the notation of Lemmdal, the following hold:

1. If
1 Carip(Cak + Ca—1k)
lim =1In - =
d—oo d ErrCrit(S;)

then the Neumann problem is weakly tractable.

0, (25)

2. If there existsr; > 0 such that

L — O(d”")
ErrCrit(Sy) ’

then the Neumann problem is tractable, with

1 Ty
per(Af) < = and  pgm(AF) < =
Ik Tk

: Cax
limsup——=——— <
d—oo EIMCrit(Sy)

then the Neumann problem is strongly tractable, with

3

1
Pstrong(Ak) <—. 0O
rk

Of course, a problem’s weak tractability, tractability, or strong tractability will depend on the error criterion used.
Hence we lep2Ps pg‘ibnf, andpg‘t’?gngdenote the- andd-exponents of tractability and the exponent of strong tractability

under the absolute error criterion. When we are using the normalized error criterion, we shall denote these exponents

nor _nor nor
by per Pdim> andpstrong

6 Weighted reproducing kernel Hilbert spaces

Up until this point, we have assumed very little about the reproducing kéfpel Other than condition (6), the
kernelsK, can be arbitrary. If we want to study tractability, we will need to say something about how the kEgnels
are related for € Z**. The standard approach is to use weighted kernels.

Let H(K) be a separableKHS of functions defined ovef, where the “master” reproducing kernklis a mea-
surable non-zero function defined 6 7. We will require thatk € Lo (I x I), so that

KQ = €SSSU[K (,t) < oo. (26)
tel

It then follows that
0 < k2 < k1 < ko,

where L
/c1=/ K(t,t)dt 27)
0
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and s
K2 = f / K(s,t)dtds. (28)
0 Jo

Note thatcg andxy are positive, but that, may be equal to zero. As we shall see, tractability results will be different
for the caseg, > 0 andky = 0.

Example. The Korobov and min kernels are defined as follows:

1. Letr € Z*. Therth Korobov kernelKgr, is defined as

(=D *1By ({s — 1))
2n!

Kxor,r(s,t) = Vs, t€[0,1], (29)

whereBjy;, is the Bernoulli polynomial of orderr2and{s} denotes the fractional part efe R. For Kkor », We
find kg = k1 = Ba,/(2r)! andkz = 0, whereBy, is the 2.th Bernoulli number.
2. Themin kernelKmin is defined as
Kmin(s, 1) = min{s, ¢} Vs, t €]0,1]. (30)
For Kmin, we find thatco = 1, k1 = 3, andk, = 3.
These kernels have been extensively studied in many papers, see [10] and the references cited therein. [
We let|u| denote the size af C [d], where /] = {1, ..., d}. Let
y={yau:uc[d.d eZ*"}
be a set of non-negatiweeightsy; ..
Example.What kinds of weights have been most thoroughly studied?
1. Product weight$14]. Here,

vau=|[va; With  ys1>ya2>->ysa=0. (31)
jeu

2. Finite-order weightg4] of orderw € Z**. Here
Yau#0 onlyif |u/<w VYucl[d],deZ'T, (32)
wherew is the smallest positive integer such that (32).

Other classes of weights (such as finite-diameter weights and order-dependent weights) have been studied as well;
again, see [10]. O

For eachd € Z™, the spacei (K ) will be theRKHS whose reproducing kernel is
Kqs= Z Yd,uKa v,
ucld]
with .
Kaw,y) =[] K@y IYxyel ucld.
JjEu
Recall that we requirgo € Hy,, for alld € Z*+. Itis known (see, e.g., [17]) that j{; 4 > O, then the constant

function 1 belongs t#H (K,), with ||1|| gk, < ydfml/z. Hence we neze(j())/gj(,lj/2 < p to hold for alld. Sincegg andp
are to be independent df this latter condition can hold iff

ing .= Inf 0. 33
“Ymin,? deZ++yd’m> (33)
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Hence we shall assume that condition (33) holds in the rest of this paper, agg &matp satisfy

1/2
q0 < 'ym/in,@ p- (34)

Since (33) and (34) both hold, we now know thate H, , foralld € Z*.

Remark6.1 The intuition behind the definition dff (K;) is that any function belonging to this space can be decom-
posed as a sum of simpler functions. Let us make this precise, under the simplifying assumptior tih&tKL),
which happens ifk; > 0 (see, e.g., [17, Lemma 1]). ForC [d], let H (K, .,) denote theRKHS whose reproducing
kernel isK ,, noting that a function belonging (K ,,,) depends only on the variablesfor i € u. Then for any

f € H(Ky), there is a unique decomposition of the form

f= Z Su
uc[d]

with f,, € H(K4 ) for allu C [d], with

1
2 2 : 2
”f”H(Kd) = _V ”fu”H(Kd_u)’

uc[d] “4H

once again see [17]. Note that for this last sum to be finite, themust be zero whenevey; ,, = 0, and we must
use the notational convention thatd0= 0. Thus a function belonging to a weightRdHS can be written as a sum of
simpler functions. In particular, note that for finite-order weights of otdexe have

fZqu

uc[d]
[u<w

with 1
2 2
1 Wik = D o Wult k-

ucfd] “"
[u<w

Thus a function belonging to a weight®&KHS based on finite-order weight of ordercan be written as a sum of
simpler functions, with each term depending on at napgariables. O

For¢ € Z*T, let us defines,: RT — R* by
1/2
o0 (0) = (Z m,ﬁﬂ') Vo eRT.
uelf]

We can use the functions;_1 ando, to estimate various norms, as well as the Lipschitz constant for our Neumann
problem. Before doing this, it will be useful to 18t = (App)* (App) € Lin[ H (K)], where Appe Lin[H(K), L2(1)]
is the embedding operator. More explicitly,

1
Wf=f0 KCy)fndy  VfeH(K).

Lemma 6.1. The following estimates hold for weightB&HS:

1. 04(k2) = 1 APPy 2 lLin{ (k4. Lo = Oa (K1)

2. Ifko =0, then
1/2

I APPg 2 lILing & (k ), Lo(14)] = Lf];?;]( I:Vd,u”W”Ein[H(K)]:I
3. 04-1(k2) < ||A—5pd—l,2||Lin[H(I?d,1),L2(ald)] < 04-1(k1).
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N

- [1APPy oo ILin[ H (K g), Loo (19)] = 0d (K0)-
+ IAPP -1 collLing 7 (Ry_1). Loo(314)] < Od—1(K0)-
NNty [ a k) = 0a(k2).

- ntg—1 l{a (kD] = Oa—1(k2).

© N o o

Let
— max{no + 1. v/3/Ymins} (35)

2= min(1, g0}

whereng andn; are as in(13). The Lipschitz constari, i for our Neumann problem satisfies
Ca.Lip < n2d max{oy(ko), 04—1(ko)}. (36)

9. The initial error satisfies the inequality

V2d o4_1(k2) oa(k1) + v/2d + Log—1(k1)
maX{Ud(Kz), m E 6‘(0, Sd) S min{j_’ qo} .

Proof. The norm estimates may be found in [17]. ~

Using the bounds ofl APP, o IlLin (k) Loo(19)] @NAIAPPy_1 ool Lin{ (R, 1), L0014y IONG With the fact that
01(0) > Yming for anyl € Z** ando € R*, we get the bound 06 ip.

The bounds on the initial error follows from Theorem 3.3 and the bounds on the various operator norms found in
the rest of the Lemma. O

7 Tractability results for product and finite-order weights

Suppose thak is any reproducing kernel satisfying (26). What can we say about the tractability of our Neumann
problem? We will be especially interested in knowing whether tractabilitg oapproximation implies tractability

of our Neumann problem. We remind the reader that/th@approximation problem for problem elemeriig and
information A* (wherek e {all, std}) is tractable iff

e(n, Appd, Ak) - Ck,ErrCritdsk‘E"C”t
ErrCrit(App,) — '

foranyd € Z** andn € Z*. Here,Ck encrit > O, rk encrit > 0, andsk enrcric > 0 are independent of andn.
Moreover, the error criterion for approximation is defined to be

for absolute error

ErrCrit(App,; ») = .
e (0, App, 2) = Il APPy 2 ILin{ m (k). o4y fOr normalized errar

which is analogous to (12) for the Neumann problem.
Note thatL-approximation is tractable iff we may take
Ydk =Tk and  Cyx = Cr encrit ErrCrit(App,) d*-Ercrit (37)
in Lemma 4.1. The following simple lemma will be helpful in establishing tractability of the Neumann problem.

Lemma 7.1. If Ly-approximation is tractable, then the Neumann problem is tractable. More preciseélys |&ll, std}
and suppose that the following hold:

1. Ly-approximation is tractable, so th&87) holds in Lemma.1
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2. There exist€jp > 0andzp > 0 such that the Lipschitz constafiti 4 for the Neumann problem is bounded

by
CaLip < CLipd'-P

foralld e ZT7.
3. There exist€gqrcrit > 0 andugrcrit > 0 such that

max{ErrCrit(App, »), ErrCrit(App,_1 »)}
ErrCrit(Sy)

< Cerrcritd "Bt

foralld e Z*T+.

Then the Neumann problem is tractable, with

1 Sk,ErrCrit + ILip + UErCrit
Perr(Ak) = E and pdim(Ak) =1+ rren rklp rCrit

Proof. This follows immediately from (23) and Corollary 5.1. O

7.1 Results for product weights

In this subsection, we give tractability results for product weights

vau=[]vaj. ~ Vdez't

JjeEu

where
Yd1=VYd2 > >VYaa >0 VdeZt,

We first consider weak tractability. Let us say that the sum of the weigbtsiignearly bounded

d
1
lim — E i =0. 38
dinoo d = Yd,j ( )

Then we have the following result.
Theorem 7.1. Sublinear boundedness is essentially necessary and sufficient for weak tractability. More precisely:

1. If the sum of the weights is sublinearly bounded, then the Neumann protfgnrs?') and (S, AS1% are
weakly tractable under both the absolute and normalized error criteria.

2. Suppose that the sum of the weights is not sublinearly bounded. Then there exists & keuchlthat the
Neumann probleniS,, AS!) is not weakly tractable under the absolute error criterion.

Proof. For the first part, note that sinc&S® ¢ A", we only need to show that the problem is weakly tractable

for AS. Also, note that since we are using product weights, Lemma 6.1 implies@af;) > o4(k2) > 1. So, it
suffices to establish weak tractability for standard information under the absolute error criterion. We use Corollary 5.1,
noting that (22) holds withs;g =  and

Costd < V20 (k1) fore e 7T,
Using (36), we find that
Ca Lip(Ca,std+ Ca—1,s5td < n2d max{oy(ko), 04-1(k0)} - V2[o4(k1) + 04-1(k1)]

< 2n23/2d maxX{o, (ko0), 0a—1(ko)}-
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For¢ e Z*t™*, we have

4
o0 0) = [ @+ 0y Y2,
j=1

and so , ,
INoe(0) = 3> N+ 0y ) < %(Z w,j)e = 640,
j=1 j=1

where

4
Ge=3) -

j=1
Since we are using product weights, we hayéc1) > 1 for¢ € Z*+, and so
IN[Ca Lip(Ca.sta+ Ca-1.std] < N212v/2) +Ind + (64 + 64-1)ko.

Since (38) holds, we find that (25) holds, and so the problem is weakly tractable.
To show the second part of the theorem, consider the kéfndl x I — R as

K(x,y):%(‘x—%‘+)y—%’+|x—yl> Vx,yel.

Consider the integration problem jntH (K;) — R defined by
Int; z = / z(X) dx Vze H(Ky),
Id

noting that
Nty g &) = 0a(k2) = 1.
From [5, Theorem 7.1], we know that for this kerri¢| the problem(Int;, AS1% is not weakly tractable under the

normalized error criterion, since (38) does not hold. We claim thatdah be reduced t§,(-, 0; 1). To see this, let
f € Hy,and letu = S;(f, 0, ; 1), so that

Inty f = (£, 1)1,y = Ba(u, 1; 1) = Intg u. (39)

Fore > 0, compute an approximatiah of u such thatiju — .| 1,4y < &, using car@e, Sy, ASY) evaluations
of f. Now define In} . f = Int, ii,, noting that this uses no further evaluationsfofFrom (39), we see that

[Intg f —Intge fl = |INta(u — ite)| < llu — el grray < € < el INta [l{a o1+

Sincef € Hy is arbitrary, we see that the algorithm Jntproduces am-approximation to Int under the normalized
error criterion, using at most cdft(e, S;, AS'Y) evaluations off. Hence

card'(e, Inty, ASY) < card®Se, S;, ASY).

Since(Inty, ASY) is not weakly tractable under the normalized error criterion, it now follows thatAS) is not
weakly tractable under the absolute error criterion. O

Theorem 7.1 tells us that sublinear boundedness of the sum of the weights (38) is sufficient for our Neumann
problem to be weakly tractable for product weights. Moreover, it also gives us a master Kesueh that sublinear
boundedness is necessary for weak tractability. On the other hand, there are some kernels for which this condition is
not needed for any level of tractability; for example, if the master keknislconstant, the#/ (K ;) is one-dimensional,
rendering the Neumann problem (trivially) strongly tractable. It would be useful to characterize those master kernels
for which sublinear boundedness of the sum of the weights is necessary and sufficient for weak tractability.
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Although we need only assume that the sum of the weights is sublinearly bounded to infer that our problem is
weakly tractable, it is reasonable to expect that a stronger condition on the sum of the weights would yield a stronger
level of tractability.

We first ask what happens when the sum of the weigHtgrithmically boundegwhich means that

d
. 1
Ay .= lim Supm jX_;]/d/ < Q. (40)

d— o0

Using the notation of (37), we have

Theorem 7.2. Suppose that the sum of the weights is logarithmically bounded &dall, std}. Then the Neumann
problem is tractable, with
1
Perr(Ak) = —,
Ik

Sk,abs+ 1+ K0 s

PamAN) =1+
Tk

1 1
Sk,nor + 5 + 5 (ko + k1)ay

P (A = 1+ ” +9

wherea~ is as in(40) ands is any arbitrary positive number.

Proof. Since the sum of the weights is logarithmically bounded, it follows that fordanyO, there exists a positive
integerds such that

d
1
) Vdj<day+$ Vd > ds,
In@ +1) =
whence
040) < (d+ 1@ tD2  vo>0,d>ds+1 (41)

Using Lemma 6.1, we now see that
CaLip < n3d MaxXoy(k0), 0a-1(ko)} < mad(d + 1“2 vd > ds + 1,

and so we can take
l|_ip=1+%lf()a~y+5 vYé > 0.

For the absolute error criterion, we always hayg;= 0. For the normalized error criterion, Lemma 6.1 and (41) tells
us that

(0, App, 2) = 1 APPy 2 Lin{H (k). Lo1¢y) < Oalk1) < (d + 1@tz vd > ds. (42)
Using Lemma 6.1 along with the fact thaf(6) > 1 for product weights, we find that

V2d o4-1(k2) - Vad

e(0, Sq) > > ) 43
max{1, go} max{(1, qo} “3)
and so we can take
MnorZ%KlaW—%+(s vVé > 0.
The Theorem follows from Lemma 7.1, along with our values{fgy, uaps andungr. O

Using this theorem, we easily see that if the sum of the weights is logarithmically bounded, then the Neumann
problem is always tractable.

21



Corollary 7.1. Suppose thaf40) holds. Then the Neumann problem is tractable, and we may take
Perr(Aa”) =2,

PEES(A) = 3+ (ko + K1)ay + 6,
Pt Ay = 2+ (ko + 2uc1)any + 6,

and
Perr(ASY) = 4,
PEES(ASY) = 54 2(kp + Kk1)any + 6,
PR (ASY) = 34 2(kg + 2ic1)a~y + 8
for anyé > O.

Proof. From Lemma 4.1, we see that the hypotheses of Theorem 7.2 hold-yyith % rstd = }1, andsaj.nor =

sstanor = 0. Moreover, (42) implies that nor = Sstdnor = %Kla., + § for anys > 0. The results now follow from
Theorem 7.2. O

We next ask what happens when the sum of the weighisifermly boundedmeaning that

d
ay = sup ZV"*/ < 0o. (44)
deZ+t ]:1

Of course, uniform boundedness implies logarithmic boundedness. Hence Theorem 7.2 immediately tells us that our
problem is tractable. However if we use the fact that the sum of the weights is uniformly bounded, we can get a smaller
value for thed-exponent.

Theorem 7.3. Suppose that the sum of the weights is uniformly boundedk leet{all, std}. Then the Neumann
problem is tractable, with

k 1
Per(A”) = —,
Tk
Sk,abst 1
pams (k) =14 =22
Ik
nor , A k Sk,nor + %
Paim(A") =1+ —Vk .

Proof. Since the sum of the weights is uniformly bounded, we see that

d

d 1/2
0q(0) = exp(Z In(1+ Gyd,j)) < exp(z

1/2
eyd,,-> <92 vo>0,deztt.
j=1 j=1

Hence
CaLip < 12d Max{a4(ko), 04-1(k0)} < €¥'%nod  Vd e 27T,

and sajp = 1. For the absolute error criterion, we always haygs= 0. For the normalized error criterion, we may
use (43) and .
(0, Appy 2) = 1 APPy 2 ILin[H (k). Lo(14)] < 0d (K1) < eV vdertt (45)

to see thatinor = —%. The results now follow from Lemma 7.1. O

Since uniform boundedness implies logarithmic boundedness, Corollary 7.1 already tells us that the Neumann
problem is tractable. However, we can use Theorem 7.3 to get better values fisexpenents than those provided
by Corollary 7.1.
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Corollary 7.2. Suppose tha44) holds. Then the Neumann problem is tractable, and we may take

Perr(Aa”) =2,

Pima®) =3,

pm(A%h =2
and

Pen(A%) = 4,

PIm(A =5,

phor (A1) = 3,

Proof. From Lemma 4.1, we see that the hypotheses of Theorem 7.3 hold-yits 3, rsig = 7, andsainor =
sstdnor = 0. Moreover, (45) implies thaty nor = sstanor = 0. The results now follow from Theorem 7.3. O

Recall thatL,-approximation is strongly tractable for product weights when the sum of the weights is uniformly
bounded, see [16]. One might hope that this would also be true for Neumann problem. We shall explore this question
further in 88.

7.2 Results for finite-order weights

In this section, we give tractability results for finite-order weights of otdler
We briefly note a useful estimate foy, | jp. Suppose that

Ymax = SUP MaX Y4y < 0. (46)
dezt++ ucld]
Let
na = 2min{1, kg }vmax
so that

0a(k1) < 0q(ko) < /nad®
by [19, Lemma 6] and the monotonicity af. Using (36) and the monotonicity of;, we see that

Calip < n2/Mad®/*1. (47)

We will need no further conditions to prove tractability results for finite-order weights. However, we will be able to
prove stronger results for the normalized error criterion under the conditionO if we make one further assumption,
namely, that there exists > 0, independent af, such that

Il Appy llia (k1 < ¢ I APPy_1 lI[H (K1) (48)

Remark7.1 Condition (48) means that,(I%)-approximation is not much harder thdn(7/¢~1)-approximation.
Should this not be true, we could “reducg’(1¢~1)-approximation problem td.»(1%)-approximation; this would
involve treating ad — 1)-variate function inH (K;_1) as ad-variate function inH (K,) that happens to not depend
onxg. So, condition (48) is fairly natural. Note that from Lemma 6.1, we see that (48) is equivalent to the condition

04(k1) < c*og-1(k1). (49)
In other words, this condition is a statement about the weightdote that (49) clearly holds if
Yau < Va-1u  Yueld—1].

Of course, this latter condition is only a sufficient condition for (49) to hold; it is not necessary. O
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Theorem 7.4. Suppose thay is a family of finite-order weights satisfyirig6) and having ordeew. Letk € {all, std}.
Then

X 1
Per(A”) = —,
Tk
1
Sk,abst 5w + 1
P ARy =14 22227
Tk
Sk,nor + %(0) +1
Ik

1+ if eitherx2 = 0 or (48) holds

oot (aky =

Sk,nor + %a) +1

1+ otherwise

Tk
Proof. We once again use the notation of Lemma 7.1. From (47), we seq_hat %a) + 1. Sinceugps = 0, we
immediately see that the result fpg>S holds. It remains to determingyr.

1. Suppose that, = 0. From Lemma 6.1, we see that

maxX{ || APPy 2 lILing 7 (k gy, Locrdy]> | APPa—1.2 lLin[ (K1), Lo(r4-1)
e(0, Sy)

1/2
_ maxmaxX(L, | W lluing k1) %) max(L, go}

< NG :

and sQunor = — 3.

2. Now suppose that > 0. From [17, Theorem 2] and Lemma 6.1, we see that

e(0,ApPy—1.2) _ maxL go} ou-1(ky) _ max(L qo) (g)‘”/z
e0,S) T V2d osalkd) T J2d '

w2

If (48) holds, then

e(0, App, ») - Il APPg—1,2 lLinf H (K1), La(14-1)] _ c*max{1, qo} (ﬂ)w/z
e0,8:,) ~ e(0, Sa) - V2d '

so thatungr = % However if (48) doesiot hold, then we only have

e(0.APPs2) _ oulk1) _ (g)w/z
e0,84) T oalk2) — '

w2

2
and saupgr = 0.

The theorem now follows from Lemma 7.1, along with these values faruabs andunor. O

Using this theorem, we easily see that if finite-order weights are used, then the Neumann problem is always
tractable.

Corollary 7.3. Suppose thaty is a family of finite-order weights satisfying6) and having orderw. Then the
Neumann problem is tractable, and we may take

Perr(AaH) =2,

3+w ifkp=0,
pgibni Aall) — !

3+2w ifky >0,

2+ w ifeitherky; = 0or (48) holds

nor - aally _
Pdim ) 3+ w otherwise
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and
Perr(AStd) =4,

5+ 20 ifkp=0,
P = {

54+4w ifky>0.
3+ 2w if eitherko = 0or (48) holds
nor A stdy _
Pdim( ) {5+ 2w otherwise

Proof. From Lemma 4.1, we see that the hypotheses of Theorem 7.4 hold-yyith % Tstd = %, andsal,nor =
sstdnor = 0. We need only determing absandsstd abs

1. If k2 = 0, then Lemma 6.1 tells us that

(0, Appy2) = 1 APPy 2 ILin{ (K o). Lo(1d)] < 0d (K1) < v/1ad®,
and sasall,abs = Sstdabs = %a).

2. If k2 > 0, then Lemma 6.1 tells us that

1/2
e(0, App; 2) = 1 APPy 2 lILin i (k). Lo(14)] = Ytaemaxt L, | W llLing ik}’
and sGsall.abs = Sstdabs= 0.
The results now follow from Theorem 7.3. O

In [17], the Ly-approximation was found to be strongly tractable for finite-order weights when 0, see [17].
As we stated at the end of §7.1, one might hope that this would also be true for the Neumann problem. We shall
explore this question further in the next section.

8 Can the nonhomogeneous Neumann problem be strongly tractable?

So far, our best results have established tractability results for the nonhomogeneous Neumann problem, without any
strong tractability results. Is this a weakness of our proofs and techniques, or does the Neumann problem fail to be
strongly tractable?

We show that the fault lies not in our proofs, but in (the formulation of) our problem. First, we show that the prob-
lem is never strongly tractable under the absolute error criterion, whether continuous linear information or standard
information is used. Then, we show that if (48) holds and if there exists a positive cariStantiependent of, such
that

I APP,_1 [k < I INta—1 [ Ky (50)

then our problem is not strongly tractable under the normalized error criterion.
Theorem 8.1. Whether we are using continuous linear information or standard information, the following hold:
1. The Neumann problem is not strongly tractable for the absolute error criterion.
2. If (48)and(50) hold, then the Neumann problem is not strongly tractable under the normalized error criterion.

Proof. In what follows, we letA denote eithenn@! or ASY, as appropriate.
First, we claim that
2d — )|l Intg_1 l[r (k4]

max{1, go)

e(n, Sq, A) > ifn <2d. (51)
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Indeed, letV be information of cardinality. < 24, so that our sole knowledge about the problem instaficg,[¢] €
Hy x Hg—1 x (Qq N Hy,,) when approximating, (f, g, ¢) is given byN(f, g. ¢). There must be at least/2- n

faceslj‘.’lﬁl, ey I]‘.’%me%n of 79 at whichN does not sample boundary data. ket H,_1. Defineg: 31¢ — R as

(—1PzKk,p ifxe1¢, forsomei e {1,...,2d —n},
gx) = ’ Ji-Vi
0 otherwise

Theng € H; andN ([0, g, 1]) = 0. Letu = S;4(0, g; go)- Then

max1, go}llull gisay = Ba(u, 1; go) = (g, 1) ,574y = (2d — n) /11171 z(y) dy. (52)

Lete(N, S4, A) be the minimal error among all algorithms using the informafiorF-rom [15, 84.5] and (52), we see

e ;;d AN u d Z d .
) ) 1(1 ) nna}:{]’ 0} Jd-1 y y

Since this is true for any € H;_1, we find that

lInta—1 l[A &, _D)*

max{(1, go}

Finally, sinceN is arbitrary information of cardinality at most< 2d, inequality (51) holds, as claimed.
We now consider the absolute error criterion. Recall the definitiopf s from (33). Ford € Z*, let

e(N, Sq, A) > (2d —n)

Ymin, @ 1 }
max(1, qo}’ 2|’

noting thatsg € (0, 1). By Lemma 6.1 and the definition ef;, we have

g0 = min{

Il Inty—1 l[H (K] = 0d—1(K2) = Yming-
Lettingn = 2d — 1 in (51), we see that

Ymin, &

e(2d — 1,84, A) = ———— > ¢o.
max1, go}

and so
card®S(eq, Sy, A) > 2d.

As a result, it follows that cafd%e, Sy, A) cannot be bounded from above by a function édr all ¢ € (0, 1) and all
deZ*tt.
Finally, we consider the normalized error criterion under the condition that (48) and (50) hold. Without loss of

generality, we assume that

™ (c* +/5) > 2.
Let )

min{1, go} 1

€1 = ,
max{1, g0} ¢**(¢* + /5)

noting thate; € (0, 1). From Theorem 3.3 and (51) with= 2d — [+/2d1, we find that

e(2d — [v2d], Sa, A) _ min{1, go} vad || Intg—_1 llgak, o1
e(0, Sa) — max(1, go} | APy, 2 Lint (k). Lor4)] + V' 2d + LIAPP;_1 2 lLin[ 1 (Ky_1),Lo(14-1)]
_ min{1, go} vad

1-

> &
= max(l, qo} c**(c* +2d + 1)
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Hence
card(e1, Sq, A) > 2d — [Vd].

As a result, it follows that cafd'(e, S;, A) cannot be bounded from above by a functior &r all ¢ € (0, 1) and alll
deZ*tr. O

Remarl8.1 We have already discussed the condition (48) in Remark 7.1. What can we say about (50)? This condition
says that integration is not much easier than approximation. From Lemma 6.1, we know that (50) holds if

04-1(k1) < coy-1(k2). (53)
So when does (53) hold?

1. Suppose we are using product weights. Then

a-1
o4-1(k1) |:1—[ 1+K1Vd—1,ji|l/2

d—1 1/2
= < 1+ (k1 —«2)Va-1,j ] = o4-1(k1 — K2).
0q-1(k2) 1+ woyi-1,j [H ( vi-1.))

j=1 j=1

Suppose that the bounded-sum condition (44) holds. Then

od—1(k1) < eafy (K;L*KZ)/Z’
od—1(k2)

and so (50) holds with** = ¢%*17¥2/2_ However if the bounded-sum condition (44) does not hold, then (53)
does not hold.

2. Suppose we are using finite-order weights of otdelf x, > 0, then [17, Theorem 2] tells us that

od-1(k1) _ (ﬂ)w/z

o4-1(k2) ~ \ k2
and so (50) holds with** = (k1/x2)®/2. However ifx> = 0, then condition (53) does not hold. O

So the Neumann problem is never strongly tractable for the absolute error criterion. Moreover, our problem is not
strongly tractable for the normalized error criterion, provided that the conditions (48) and (50) hold. We conjecture
that our problem is never strongly tractable for the normalized error criterion.

9 Some illustrations

Up to this point, we have given results that hold for any reproducing kéfredtisfying our conditions (26)—(28). In

this section, we give tractability exponents for two specific kernels: the Korobov k€kge} and the min kerneKmin.

Our results are based on those found in [9]. We will only discuss product weights, since these were the only weights
that [9] analyzed.

From our general results in §7, we know that weak tractability depends on whether or not the sum of the weights
is sublinearly bounded. Since this is a cut-and-dried “yes-or-no” condition, there is nothing further to add when
discussing specific reproducing kernels. From the results in 88, we know that our problem is not strongly tractable.
So it only remains to determine tle andd-exponents of tractability.

As in [9], we define the sum exponents

d
S~y :=inf{s>01 sup Zyj,]’ <OO}
1

deZ++ =
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and
d

t
. Yd,j
t~=inflr>0: su —— <00 ¢,
v { deZB’ =t Ind+ 1) }

with the convention that ird = 0. We also define

d T
. > i=17d
R; = limsup=/=L74J

A 0, 1].
d—00 ln(d +1) rel ]

Note that if the sum of the weights is logarithmically bounded, thesg 1 andR, < oo for r € [0, #,]. Moreover if
the sum of the weights is bounded, thgn< 1. We shall let denote the usual Riemann zeta function.
We first consider the Korobov kernel.

Theorem 9.1. Suppose thak = Kkgr,, for somer € Z*+.

1. Suppose that the sum of the weights is logarithmically boundedgaxyilis in(40). For t4 = 1, taker = 1, and
for o, < 1, letr be any element gfmax{1/(2r), t4}]. For continuous linear information, we may take
per(A?) = 21,
PESA) = 1+ (24 (ko + kDay)T +20(2rT) +8 V8 >0,
PN AM) =14 (14 (ko + k1)ay)T +20(2rT) +8 V8 >0,

and for standard information, we may take

Perr(AStd) =2t(1+1),
PES(ASY = 14 [(2+ (ko + kDay)T +2(2r)]A+7) +8 ¥ >0,
PIOTASY = 14+ [(1+ (ko +kD)ay)T + 202 D)] L+ 1) +8  ¥8>0.
2. Suppose that the sum of the weights is uniformly boundedFer1, taker = 1, and fors-, < 1, letz be any
element ofmax{1/(2r), s~}]. For continuous linear information, we may take
Perr(Aa”) =21,
pas(Adly = 14 2r,
e (AT =1+,
and for standard information, we may take

Perr(AStd) =2t(1+ 1),
PSS — 14 2rA+1)+8 V6> 0,
PRNASY =14 t(L+1)+8  V8>0.
Proof. We first suppose that the sum of the weights is logarithmically bounded. Since (42) holds, we see that we may

take
Sk,abs = Sk’nor‘i‘ %chby +4 Vé > O, k e {a”, Std}

From [9, Theorem 5], we have

1 and —1 +46 vVé>0
I = — I = >
all 27 std 2t(1+ 1)
and that HEDR
rt
Sall,nor = Sstdnor = ER ALY Vs> 0. (54)

T
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The result now follows from Theorem 7.2.
Now suppose that the sum of the weights is uniformly bounded. Since (45) holds, we may again use [9, Theorem 5]
to see that
Sk.abs= Sk.nor =0 fork € {all, std}

and that
! and —1 +4 vVé >0
7. = — ¥ - > .
all 27 std 2t(1+ 1)
The result once again follows from Theorem 7.2. O

It is natural to compare the results of Theorem 9.1 with the results of §7. In particular, what happens if we let
7 = 1in Theorem 9.1?

1. When the sum of the weights is logarithmically bounded, we find

Perr(Aa”) =2,
paS(A) = 34 (ko + k1)ay + 2R1L(2r) +8 V8 >0,
PIONA) = 24 (ko + k1)ay + 2R1E(2F) +8 Y8 >0,
and
Perr(AStd) =4,
PIS(ASY) = B4 2(co + k1)ay + AR1L(2r) +8 V5 >0,
PR (ASY) = 3+ 2(ko + k1)ay + AR1E(2) +8 V5> 0,

which is somewhat worse than the results reported in Corollary 7.1, since these latter results contain a term
involving R1Z(2r).

2. When the sum of the weights is uniformly bounded, we find

Perr(Aa") =2,
nor(Aall) =2,

and
Perr(AStd) =4,

pAS A =545 Vs >0,
plOrASh =345 Vs >0,
which is comparable to the results contained in Corollary 7.2.

Next, we consider the min kernel. Let

{(21)+i Vt>0.

b = 2t ot

Theorem 9.2. Suppose thak = Kpmjn.

1. Suppose that the sum of the weights is logarithmically boundedqawyids in(40). For o = 1, taker = 1, and
forty < 1, lett be any element c[fnax{%, t~}]. Then for continuous linear information, we may take

Perr(Aa”) =21,
paS(AM) = 14 (24 (ko + k1)ay)T + 26, R +8 V5§ >0,
PRNAR) = 14+ (14 (ko +k1)ay)T + 26 R +8 V8> 0,
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and for standard information, we may take

Perr(AStd) =2t(1+ 1),
PASASY) = 1+ [(2+ (ko + k1)ay) T + 26 R A+ 7) +8 V8 >0,
PRoR(ASY) = 1+ [(1+ (ko + kDan)T + 2b: R |1+ 1) +8 V8> 0.
2. Suppose that the sum of the weights is uniformly boundedFer1, taker = 1, and fors-, < 1, letz be any
element ofmax{1/(2r), s4}]. Then for continuous linear information, we may take
Perr(Aa”) = 21,
pas (Al =1 4 2¢,
phoradly =141,

and for standard information, we may take

Perr(AStd) =2t(1+ 1),

b
pESASY =14+ 2r(1+1)+68 V>0,
POTASY =14 7t14+1)+8 V> DO.

Pdim
Proof. The proof is almost the same as that of Theorem 9.1, except that we now use [9, Theorem 7], rather than [9,
Theorem 5]. The only difference between these two results of [9] is that whereas we had (54) for the Korobov kernel,

we have bR
TS V§>0

Sall,nor = Sstdnor =
for the min kernel. O

Once again, it is natural to compare the results of Theorem 9.2 with the results of 87. In particular, what happens
if we lett = 1 in Theorem 9.27?

1. When the sum of the weights is logarithmically bounded, we find

Perr(Aa”) =2,
PIS(AM) = 34 (ko + k1)ay + 2b1R1+8 V8 >0,
PR Ay = 24 (ko + k1)ay + 2b1R1+8 V8 >0,
and t
Perr(AS d) =4,
PS(ASY) =54 2(ko + k1)ay + 4b1R1+8  VE >0,
PIN(ASY) = 44 2(ko + k1)ay +4b1R1+S V8> 0,
which is somewhat worse than the results reported in Corollary 7.1, since these latter results contain a term
involving b1 R1.

2. When the sum of the weights is uniformly bounded, we find

Perr(Aa”) =2,
abs(AaII) _ 3
nor(Aall) =2
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and
Perr(AStd) =4,

pAS A =545 V>0,
plOrASh =345  Vs>0,
which is comparable to the results contained in Corollary 7.2.
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