Information Structures to Secure Control of Rigid Formations with Leader-Follower Structure

Tolga Eren, Walter Whiteley, Brian D.O. Anderson, A. Stephen Morse and Peter N. Belhumeur

Abstract— This paper is concerned with rigid formations of mobile autonomous agents using a leader-follower structure. A formation is a group of agents moving in real 2- or 3- dimensional space. A formation is called rigid if the distance between each pair of agents does not change over time under ideal conditions. Sensing/communication links between agents are used to maintain a rigid formation. Two agents connected by a sensing/communication link are called neighbors. There are two types of neighbor relations in rigid formations. In the first type, the neighbor relation is symmetric. In the second type, the neighbor relation is asymmetric. Rigid formations with a leader-follower structure have the asymmetric neighbor relation. A framework to analyze rigid formations with symmetric neighbor relations is given in our previous work. This paper suggests an approach to analyze rigid formations that have a leader-follower structure.

I. INTRODUCTION

Multiagent systems have lately received considerable attention due to recent advances in computation and communication technologies (see for example [2], [8], [12], [13], [1], [7], [17], [9]). In the context of this paper, agents will simply be thought of as autonomous agents including robots, underwater vehicles, microsatellites, unmanned air vehicles, and ground vehicles. A formation is a group of agents moving in real 2- or 3-dimensional space. A formation is called rigid if the distance between each pair of agents does not change over time under ideal conditions. Sensing/communication links are used for maintaining fixed distances between agents. The interconnection structure of sensing/communication links is called sensor/network topology. In practice, actual agent groups cannot be expected to move exactly as a rigid formation because of sensing errors, vehicle modelling errors, etc. The ideal benchmark point formation against which the performance

T. Eren and P. N. Belhumeur are with Department of Computer Science, Columbia University, 10027 New York, NY, USA, and they are supported by the National Science Foundation under grants NSF ITR IIS-00-85864, NSF EIA-02-24431 and NSF IIS-03-08185,

eren|belhumeur@cs.columbia.edu

W. Whiteley is with the Department of Mathematics and Statistics, York University, Toronto, Ontario, Canada, and he is supported by the Natural Science and Engineering Research Council (Canada) and the National Institutes of Health (USA), whiteley@mathstat.yorku.ca

B.D.O. Anderson is with the Australian National University and National ICT Australia. National ICT Australia is funded by the Australian Governments Department of Communications, Information Technology and the Arts and the Australian Research Council through Backing Australias Ability and the ICT Centre of Excellence Program,

Brian.Anderson@nicta.com.au

A. S. Morse is with the Department of Electrical Engineering and Computer Science, Yale University, New Haven, CT, 06520, and he is supported by the National Science Foundation, as.morse@yale.edu

of an actual agent formation is to be measured is called a reference formation.

Two agents connected by a sensing/communication link are called neighbors. There are two types of neighbor relations in rigid formations. In the first type, the neighbor relation is symmetric, i.e., if agent i senses/communicates with agent j and uses the received information for motion planning, so does agent j with agent i. In the second type, the neighbor relation is asymmetric, i.e., if agent i senses/communicates with agent j and uses the received information for motion planning, then agent j does not make use of any information received from agent i although it may sense/communicate with agent i. For example, rigid formations with a leader-follower structure have the asymmetric neighbor relation. A link with an asymmetric neighbor relation between a leader and a follower is represented with a directed edge pointing from the follower to the leader. The terms, ‘undirected formation’ and ‘directed formation’, are also used to describe formations with symmetric neighbor relations and formations with leader-follower structure [12]. Eren et al. [4], [5], [3] and Olfati-Saber and Murray [8] suggested an approach based on rigidity for maintaining formations of autonomous agents with sensor/network topologies that use distance information between agents, where the neighbor relation is symmetric. For formations that have a leader-follower structure, Baillieul and Suri give two separate conditions for stable rigidity, one of which is a necessary condition and the other is a sufficient condition [1]. This paper suggests an approach to analyze rigid formations with a leader-follower structure and proves that the necessary condition given by Baillieul and Suri is a necessary and sufficient condition for stable rigidity in formations that have a leader-follower structure.

The paper is organized as follows. In §II, we start with definitions of point formations and rigidity. We then review rigid formations with symmetric neighbor relations in §III. We investigate rigid formations with leader-follower structure in §IV. We end the paper with concluding remarks in §V.

II. RIGIDITY AND POINT FORMATIONS One way of visualizing rigidity is to imagine a collection of rigid bars connected to one another by idealized ball joints, which is called a bar-joint framework. By an idealized ball joint we mean a connection between a collection of bars which imposes only the restriction that the bars share common endpoints. Now, can the bars and joints be moved in a continuous manner without changing the lengths of any of the bars, where translations and rotations do not count? If so, the framework is flexible; if not, it is rigid. (Precise definitions will appear in the sequel.) In a bar-joint framework, the length of a bar imposes a distance constraint for both end-joints. This is the same situation in a formation where two agents connected by a sensing/communication link are mutually affected by the information conveyed by this link. For example, if two agents connected by a sensing/communication link are set to maintain a ten meter distance between each other, then both agents perform action to maintain this distance. In the graph theoretic setting, the edge corresponding to this link is denoted by an undirected edge.

The situation in a rigid formation where the relation between agents has a leader-follower structure is different. Because the information on a sensing/communication link between a leader-follower pair is used only by the follower. For example, with the same distance requirement as in the example above, if two agents, labelled with i and j, are set to maintain a ten meter distance between themselves where i is the leader and j is the follower, then only agent j performs action to maintain this distance. Let us assume the following properties in a formation of agents: (i) there is a global formation leader that determines where the entire formation moves, and it does not follow any other member; (ii) there is a first-follower of the global leader that maintains a predefined distance only to the global leader; (iii) every other agent of the formation maintains predefined distances to some other agents in the formation; (iv) if an agent, say B, maintains a predefined distance to another agent, say A, then A does not perform any action to maintain a predefined distance to B (in this relation A is a leader and B is a follower). As the formation moves with the leadership of the global leader, if the distance between every pair of agents does not change over time under ideal conditions, then such a formation is a rigid formation.

Certain directed information patterns in a formation can be described by bar-joint frameworks. To do that, consider creating a bar-joint framework in the plane starting from two joints connected by a bar. Once the end-joints are held fixed (i.e., translations and rotations are avoided), we can insert a new joint by connecting it to the existing joints using new bars. In this scenario, the constraints imposed by the new bars act only on the newly inserted joint because the initial bar-joint framework is already fixed and cannot not be affected by the newly inserted bars and joints. If the resulting bar-joint framework is not deformable, then this new resulting bar-joint framework is rigid and it becomes the new fixed bar-joint framework for the next step. In the graph-theoretic setting, the directed edge points to the newly inserted joint from the fixed bar-joint framework.

To summarize, there are two types of neighbor relations. It can be symmetric, i.e., if agent i senses/communicates with agent j and performs action upon the information it receives, so does agent j. This corresponds to an undirected graph. Alternatively, the formation can have a leaderfollower structure, i.e., agent j senses/communicates with agent i and performs actions upon the information it receives, but the actions of agent i do not depend on the information conveyed by the sensing/communication with agent j. The underlying graph of such formations is a directed graph. We will consider these two cases separately in each section.

A point formation F_p ≜ (p, L) provides a way of representing a formation of n agents. p ≜ {p_1, p_2, . . . , p_n} and the points p_i represent the positions of agents in R^d {d = 2 or 3} where i is an integer in {1, 2, . . . , n} and denotes the labels of agents. L is the set of “maintenance links,” labelled (i, j), where i and j are distinct integers in {1, 2, . . . , n}. The maintenance links in L correspond to constraints between specific agents, such as distances, which are to be maintained over time by using sensing/communication links between certain pairs of agents. Each point formation F_p uniquely determines a graph G_{Fp} ≜ (V, L) with vertex set V ≜ {1, 2, . . . , n}, which is the set of labels of agents, and edge set L. A formation with distance constraints can be represented by (V, L, f) where f : L −→ R. Each maintenance link (i, j) ∈ L is used to maintain the distance f((i, j)) between certain pairs of agents fixed.

A trajectory of a formation is a continuously parameterized one-parameter family of curves (q_1(t), q_2(t), ..., q_n(t)) in R^{nd} which contain p and on which for each t, F_{q(t)} is a formation with the same measured values under f, g. A rigid motion is a trajectory along which point formations contained in this trajectory are congruent to each other. We will say that two point formations F_p and F_r, where p, r ∈ q(t), are congruent if they have the same graph and if p and r are congruent. p is congruent to r in the sense that there is a distance-preserving map T : IR^d → IR^d such that T (r_i) = p_i, i ∈ {1, 2, . . . , n}. If rigid motions are the only possible trajectories then the formation is called rigid; otherwise it is called flexible [4].

III. RIGIDITY IN POINT FORMATIONS WITH SYMMETRIC NEIGHBOR RELATIONS Whether a given point formation is rigid or not can be studied by examining what happens to the given point formation F_p = ({p_1, p_2, . . . , p_n}, L) with m maintenance links, along the trajectory q([0, ∞)) ≜ {{q_1(t), q_2(t), . . . , q_n(t)} : t ≥ 0} on which the Euclidean distances d_{ij} ≜ ||p_i − p_j || between pairs of points (p_i, p_j ) for which (i, j) is a link are constant. Along such a trajectory

(q_i − q_j ) · (q_i − q_j ) = d^2_{ij} , (i, j) ∈ L, t ≥ 0 (1)

We note that the existence of a trajectory is equivalent to the existence of a piecewise analytic path, with all derivatives at the initial point [11]. It is also equivalent to the existence of a sequence of formations on p(n), n = 1, 2, . . . with the same measurements, and with lim_{n→∞} p(n) converging to p. Assuming a smooth (piecewise analytic) trajectory, we can differentiate to get

(q_i − q_j ) · (q̇_i − q̇_j ) = 0, (i, j) ∈ L, t ≥ 0 (2)

Here, q̇_i is the velocity of point i. The m equations can be collected into a single matrix equation

R(q)q̇ = 0 (3)

where q̇ = column {q̇_1, q̇_2, . . . , q̇_n} and R(q) is a specially structured m × dn matrix called the rigidity matrix [10], [15], [16].

Example 1. Consider a planar point formation F_p shown in Figure 1. This has a rigidity matrix as shown in Table I.

Let M_p be the manifold of points congruent to p. Because any trajectory of F_p which lies within M_p, is one along which F_p undergoes rigid motion, (2) automatically holds along any trajectory which lies within M_p. From this, it follows that the tangent space to M_p at p, written T_p, must be contained in the kernel of R(p). If the points p_1, p_2, . . . , p_n are in general position (which means that the points p_1, p_2, . . . , p_n do not lie on any hyperplane in IR^n), then M_p is n(n+1)/2 dimensional since it arises from the n(n−1)/2-dimensional manifold of orthogonal transformations of IR^n and the n-dimensional manifold of translations of IR^n [10]. Thus M_p is 6-dimensional for F_p in IR^3, and 3-dimensional for F_p in IR^2. We have rank R(p) = nd− dimension kernel R(q) ≤ nd − n(n + 1)/2. The following theorem holds [10], [15]:

Theorem 2. Assume F_p is a formation with at least d points in d-dimensional space {d = 2, or 3} where rank R(p) = max{rank R(x) : x ∈ IR^d}. F_p is rigid in IR^d if and only if rank R(p) = { 2n − 3 if d = 2, 3n − 6 if d = 3.

This theorem leads to the notion of the “generic” behavior of rigidity. When the rank is less than the maximum, the formation may still be rigid. However this type of rigidity lacks the generic behavior and thus is not addressed in this paper.

1) Generic Rigidity: We define a type of rigidity, called “generic rigidity,” that is more useful for our purposes. It is possible to characterize generic rigidity in terms of the “generic rank” of R where by R’s generic or maximal rank

Fig. 1. A planar point formation.

we mean the largest value of rank{R(q)} as q ranges over all values in IR^{nd}. The following theorem is due to Roth [10].

Theorem 3. A formation F_p is generically rigid if and only if

generic rank {R(p)} = { 2n − 3 if d = 2, 3n − 6 if d = 3.

To understand this type of rigidity, it is useful to observe that the set of points p that satisfy the condition rank R(p) = max{rank R(x) : x ∈ IR^d} is a dense open subset of IR^{nd} [10]. Thus, a generically rigid point formation F_p is rigid for almost all points in the neighborhood of points about p in IR^{dn}. The concept of generic rigidity does not depend on the precise distances between the points of F_p but examines how well the rigidity of formations can be judged by knowing the vertices and their incidences, in other words, by knowing the underlying graph. For this reason, it is a desirable specialization of the concept of a “rigid formation” for our purposes. The following theorem holds for a generically rigid graph [15]:

Theorem 4. The following are equivalent:

1) a graph G = (V, L) is generically rigid in ddimensional space (d = 2, 3);

2) for some p, the formation F_p with the underlying graph G is generically rigid;

3) for almost all p, the formation F_p with the underlying graph G is generically rigid.

A point formation F_p is strongly generically rigid if it is generically rigid and if rank R(p) = generic rank {R}. Hence, a strongly generically rigid formation is rigid and it remains rigid under small perturbations. This is the type of rigidity that is useful for our purposes.

As noted above, the concept of generic rigidity does not depend on the precise distances between the points in F_p. For 2-dimensional space, we have a complete combinatorial characterization of generically rigid graphs, which was first proved by Laman in 1970 [6]. In the theorem below, | . | is used to denote the cardinal number of a set.

Theorem 5 (Laman [6]). A graph G = (V, L) is generically rigid in 2-dimensional space if and only if there is a subset L^′ ⊆ L satisfying the following two conditions: (1) |L^′| = 2|V| − 3, (2) For all L^{′′} ⊆ L^′, L^{′′} ≠ ∅, |L^{′′}| ≤ 2|V(L^{′′})| − 3, where |V(L^{′′})| is the number of vertices that are end-vertices of the edges in L^{′′}.

2) Sequential Techniques: In this section, we present sequential techniques to create minimally rigid point formations. As noted earlier, Laman’s Theorem characterizes rigidity in 2-dimensional space. But there is no comparable complete result for 3-dimensional space. Although we lack a characterization in 3-dimensional space, there are sequential techniques for generating rigid classes of graphs both

R(p) i j r s (i, j) x_i − x_j y_i − y_j x_j − x_i y_j − y_i 0 0 0 0 (i, r) x_i − x_r y_i − y_r 0 0 x_r − x_i y_r − y_i 0 0 (i, s) x_i − x_s y_i − y_s 0 0 0 0 x_s − x_i y_s − y_i (j, r) 0 0 x_j − x_r y_j − y_r x_r − x_j y_r − y_j 0 0 (j, s) 0 0 x_j − x_s y_j − y_s 0 0 x_s − x_j y_s − y_j (r, s) 0 0 0 0 x_r − x_s y_r − y_s x_s − x_r y_s − y_r

TABLE I RIGIDITY MATRIX EXAMPLE FOR DISTANCES

in 2- and 3-dimensional space based on what are known as the vertex addition, edge splitting, and vertex splitting operations. First, we introduce the first two of these three operations, namely the vertex addition and edge splitting operations. Then we present sequences to create rigid point formations in which these operations are used. Before explaining these operations and sequences, we introduce some additional terminology.

If (i, j) is an edge, then we say that i and j are adjacent or that j is a neighbor of i and i is a neighbor of j. The vertices i and j are incident with the edge (i, j). Two edges are adjacent if they have exactly one common endvertex. The degree or valency of a vertex i is the number of neighbors of i. If a vertex has k neighbors, it is called a vertex of degree k or a k-valent vertex.

One operation is the vertex addition: given a minimally rigid graph G = (V, L), we add a new vertex i with d edges between i and d other vertices in V in d-dimensional space (d = 2, or 3). The other is the edge splitting: given a minimally rigid graph G = (V, L), we remove an edge (j, k) in L and then we add a new vertex i with d+1 edges by inserting two edges (i, j), (i, k) and d−1 edges between i and d − 1 vertices (other than j, k) in V.

Now we are ready to present the following theorems:

Theorem 6 (vertex addition in undirected case - Tay, Whiteley [14]). Let G = (V, L) be a graph with a vertex i of degree d in d-dimensional space; let G^∗ = (V^∗ , L^∗ ) denote the subgraph obtained by deleting i and the edges incident with it. Then G is generically minimally rigid if and only if G^∗ is generically minimally rigid.

Example 7. Vertex addition operation in 2-dimensional space for an undirected graph is shown in Figure 2.

Fig. 2. Vertex addition - undirected case.

Theorem 8 (edge splitting in undirected case - Tay, Whiteley [14]). Let G = (V, L) be a graph with a vertex i of degree d + 1; let V_i be the set of vertices incident to i; and let G^∗ = (V^∗ , L^∗ ) be the subgraph obtained by deleting i and its d+1 incident edges. Then G is generically minimally rigid if and only if there is a pair j, k of vertices of V_i such that the edge (j, k) is not in L^∗ and the graph G^′ = (V^∗ , L^∗ ⋃ (j, k)) is generically minimally rigid.

Example 9. Edge splitting operation in 2-dimensional space for an undirected graph is shown in Figure 3.

Fig. 3. Edge splitting - undirected case.

Vertex addition and edge splitting operations are used in Henneberg sequences.

Henneberg Sequences: Henneberg sequences are a systematic way of generating minimally rigid graphs based on the vertex addition and edge splitting operations [14]. In d-space, we are given a sequence of graphs: G_d, G_{d+1}, . . . , G_{|V|} such that:

1) G_d is the complete graph on d vertices; 2) G_{i+1} comes from G_i by adding a new vertex either by (i) the vertex addition or (ii) the edge splitting operation.

Note that G_i and G_{i+1} correspond to G^∗ and G in the statements of Theorem 6 and Theorem 8. All graphs in the sequence are minimally rigid in d-space.

IV. RIGIDITY IN POINT FORMATIONS WITH LEADER-FOLLOWER STRUCTURE

First, we give some definitions from graph theory, which are relevant to point formations with leader-follower structure. A graph in which each edge is replaced by a directed edge is called a directed graph, also called a digraph. When there is a danger of confusion, we will call a graph, which is not a directed graph, an undirected graph. A directed graph having no multiple edges or loops (corresponding to a binary adjacency matrix with 0’s on the diagonal) is called a simple directed graph.

An arc, or directed edge, is an ordered pair of endvertices. It can be thought of as an edge associated with a direction. Symmetric pairs of directed edges are called bidirected edges. We will use only directed graphs with no bidirected edges in the rest of the paper. The number of inward directed graph edges from a given graph vertex in a directed graph is called the in-degree of the vertex. The number of outward directed graph edges from a given graph vertex in a directed graph is called the out-degree of the vertex. A cycle of a graph G is a subset of the edge set of G that forms a path such that the first vertex of the path corresponds to the last. A directed cycle is an oriented cycle such that all arcs go the same direction. A digraph is acyclic if it does not contain any directed cycle.

In a formation with leader-follower structure, each link is denoted with a line directed from follower to leader. There is one global leader and one first-follower of the global leader. The global leader does not follow any other agent, and the first-follower only follows the global leader. They are connected with one link pointed from the first-follower to the global leader. The rest of the agents are followers of at least two other agents. They can also be leaders of other agents.

In a rigid formation with leader-follower structure, once we fix the positions of the global leader and the firstfollower, the formation cannot deform, including translations and rotations. The global leader and the first-follower can make the entire rigid formation translate and rotate in 2-dimensional space by making maneuvers.

Recall that the first follower has a link of out-degree 1. Since each agent in rigid formation, except the global-leader and the first follower, has at least two links with an outdegree of 2, we expect at least 2(n − 2) + 1 = 2n − 3 links in total. We have the following conjecture:

Conjecture 10. A formation with leader-follower structure is minimally rigid in 2-dimensional space if and only if the following two conditions hold for the underlying graph: (1) the undirected graph is minimally rigid; (2) the directed graph has exactly one vertex of out-degree 0, one vertex of out-degree 1, and the rest of the vertices are of out-degree 2. We call these two conditions minimal rigidity conditions for directed graphs.

3) Sequential Techniques: One operation is the vertex addition: given a minimally rigid graph G = (V, L), we add a new vertex i of degree 2 with two edges between i and two other vertices in V. The other is the edge splitting: given a minimally rigid graph G = (V, L), we remove a directed edge (j, k) (directed from j to k) in L and then we add a new vertex i of degree 3 with three edges by inserting two edges (i, j), (i, k) and d − 1 edges between i and one other vertex (other than j, k) in V such that the edge (i, j) is directed from j to i.

Now we are ready to present the following theorems:

Theorem 11 (vertex addition - directed case). Let G = (V, L) be a digraph with a vertex i of out-degree 2 in 2- dimensional space; let G^∗ = (V^∗ , L^∗ ) denote the subgraph obtained by removing i and the edges incident with it. Then G satisfies the minimal rigidity conditions for directed graphs if and only if G^∗ satisfies the minimal rigidity conditions for directed graphs.

Proof: Inserting/removing i from the undirected graph G is equivalent to vertex addition operation in undirected graphs. Undirected minimally rigid graphs maintain rigidity under vertex addition operation. Hence condition (1) is satisfied in both G and G^∗ .

Now suppose that G satisfies the condition (2). If we remove i, then the out-degree of the vertices of G^∗ do not change. Similarly, suppose that G^∗ satisfies the condition (2). If insert i with out-degree 2, then the out-degree of the remaining vertices do not change.

Example 12. Vertex addition operation for a directed graph is shown in Figure 4.

Fig. 4. Vertex Addition - directed case.

Theorem 13 (edge splitting - directed case). Let G = (V, L) be a graph with a vertex i of out-degree 2 and indegree 1 (where this edge is between i and j); let V_i be the set of vertices incident to i; and let G^∗ = (V^∗ , L^∗ ) be the subgraph obtained by deleting i and its three incident edges. Then G satisfies the minimal rigidity conditions for directed graphs if and only if there is a directed edge of a pair j, k (directed from j to k) of vertices of V_i such that the directed edge (j, k) is not in L^∗ and the graph G^′ = (V^∗ , L^∗ ⋃ (j, k)) satisfies the minimal rigidity conditions for directed graphs.

Proof: Condition (1) is the edge splitting operation for undirected graphs as explained in §III. Suppose that G satisfies condition (2). Then removing i only changes the out-degree of j. However, an edge is inserted from j to k. So all the vertices of G^∗ have out-degree of 2. Conversely, suppose that G^∗ satisfies condition (2). The newly inserted vertex i is of out-degree 2. These edges do not change the out-degree of other vertices. In the replacement of the edge (j, k) by (j, i), the out-degree of j is also preserved.

Example 14. Edge splitting operation for a directed graph is shown in Figure 5.

For point formations with leader-follower structure, Baillieul and Suri define stably rigid formations as follows: a

Fig. 5. Edge Splitting - directed case.

formation is stably rigid under a distributed relative distance control law as given in [1], if for any sufficiently small perturbation in the relative positions of the agents, the control law steers them asymptotically back into the prescribed formation in which the relative distance constraints are satisfied. They give the following theorem as a sufficiency condition for stably rigid formations:

Theorem 15 (Baillieul and Suri - Theorem 1 [1]). If a formation is constructed from a single directed edge by a sequence of vertex addition operation, then it is stably rigid.

Cycles in rigid formations that have a leader-follower structure are not desirable (see for example [1], [13]). Baillieul and Suri give the following proposition as a necessary condition for stably rigid formations:

Proposition 16 (Baillieul and Suri - Proposition 1 [1]). If a formation with directed links is stably rigid then the following three conditions hold for the underlying graph: (i) the undirected underlying graph is generically minimally rigid; (ii) the directed graph is acyclic; (iii) the directed graph has no vertex with an out-degree greater than 2.

Baillieul and Suri state that the conditions in Proposition 16 are not sufficient because there is a counterexample graph shown in Figure 6. In [1] it is stated that the graph satisfies the conditions of Proposition 16 but it is not stably rigid. However, we note that this graph actually does not satisfy the conditions of Proposition 16, because there is a cycle (3, 5, 4, 6, 3) in the graph; hence it violates the condition ii of Proposition 16.

Fig. 6. The figure given by Baillieul and Suri in [1] as a counterexample.

It can be proved that the conditions given in Proposition 16 are also sufficient conditions; hence these conditions are necessary and sufficient conditions for stable rigidity. We have the following proposition:

Proposition 17. A point formation in 2-dimensional space with directed links is stably rigid if and only if the following conditions hold for the underlying directed graph: (i) the undirected graph is generically minimally rigid; (ii) the directed graph is acyclic; (iii) the directed graph has no vertex with an out degree greater than 2.

Proof: Baillieul and Suri prove the necessity part of the proof in [1]. Here we prove the sufficiency part only. Let us assume that the directed graph is acyclic. Then we can take the directed edges to define a partial order on the vertices: a ≥ b if the directed edge is pointed from a to b. We can extend this by transitivity. Since there are no cycles, this is a partial order with all vertices distinct. Since the graph is minimally generically rigid, all vertices have degree at least 2. Any maximal elements in this partial order have only outgoing edges - and therefore has two such edges. This can be removed (by reversed vertex addition operation) to give a smaller, minimally rigid graph satisfying all of the conditions. We continue this down to the initial directed edge (the global leader and the first follower). Since this reduction sequence can be reversed, the graph is constructed using only the vertex addition operation. By Theorem 15, such graphs are stably rigid.

Corollary 18. Equivalently a point formation in 2- dimensional space that has a leader-follower structure is stably rigid if and only if the point formation can be constructed from the initial edge by the vertex addition operation.

The edge split operation is not used in [1] because it is stated in [1] that this operation results in vertices of degree 3. However, the edge split operation can be defined in such a way that the out-degrees of vertices remain less than 3. The definition given above for the edge split operation on directed minimally rigid graphs results vertices of degree 2. However, the edge splitting operation may or may not lead to cycles in the directed graph as shown in Figure 7. The question whether it can always be achieved so as to exclude any cycle or so as to include at least one cycle, depending on which we choose to aim for, is currently under investigation.

V. CONCLUDING REMARKS In this paper, we suggested a way of analyzing rigid formations that have a leader-follower structure in 2- dimensional space. The necessity condition for stable rigidity is given in [1]. We proved that this condition is a necessary and sufficient condition for stable rigidity. Rigid formations that have a leader-follower structure in 3-dimensional space will be addressed in future work.

REFERENCES

[1] J. Baillieul and A. Suri. Information patterns and hedging Brockett’s theorem in controlling vehicle formations. In Proceedings of the 42nd IEEE Conference on Decision and Control, Maui, Hawaii, December 2003.

Fig. 7. Two examples of the edge splitting operation on a minimally rigid directed graph. The split edge is (d, b). We note that the resulting directed graph on the left has no cycles. On the other hand, the resulting directed graph on the right has a cycle (c,d,e,c). We note that the acyclic directed graph on the left can also be obtained by a series of vertex additions starting from a single edge.

[2] C. Belta and V. Kumar. Towards abstraction and control for large groups of robots. In Control Problems in Robotics - Springer Tracts in Advanced Robotics, pages 169–182. Springer-Verlag.

[3] T. Eren, B. Anderson, A. Morse, W. Whiteley, and P. Belhumeur. Operations on rigid formations of autonomous agents. Communications in Information and Systems, 2004. To appear.

[4] T. Eren, P. Belhumeur, B. Anderson, and A. Morse. A framework for maintaining formations based on rigidity. In Proceedings of the 15th IFAC World Congress, Barcelona, Spain, July 2002.

[5] T. Eren, P. Belhumeur, and A. Morse. Closing ranks in vehicle formations based on rigidity. In Proceedings of the 41st IEEE Conference on Decision and Control, December 2002.

[6] G. Laman. On graphs and rigidity of plane skeletal structures.

Journal of Engineering Mathematics, 4:331–340, 2002. [7] A. Muhammad and M. Egerstedt. On the structural complexity of multi-agent robot formations. In Proceeding of the American Control Conference, 2004.

[8] R. Olfati-Saber and R. Murray. Graph rigidity and distributed formation stabilization of multi-vehicle systems. In Proceedings of the 41st IEEE Conference on Decision and Control, Las Vegas, NV, December 2002.

[9] W. Ren and R. W. Beard. A decentralized scheme for spacecraft formation flying via the virtual structure approach. AIAA Journal of Guidance, Control and Dynamics, 27(1):73–82, January 2004.

[10] B. Roth. Rigid and flexible frameworks. American Mathematical Monthly, 88:6–21, 1981.

[11] B. Roth and W. Whiteley. Tensegrity frameworks. Transactions AMS, 265:419–446, 1981.

[12] P. Tabuada, G. Pappas, and P. Lima. Feasible formations of multiagent systems. In Proceedings of the American Control Conference, pages 56–61, 2001.

[13] H. G. Tanner, G. J. Pappas, and V. Kumar. Leader-to-formation stability. IEEE Transactions on Robotics and Automation, 20(3):443– 455, June 2004.

[14] T. Tay and W. Whiteley. Generating isostatic frameworks. Structural Topology, 11:21–69, 1985.

[15] W. Whiteley. Matroids from discrete geometry. In J. E. Bonin, J. G. Oxley, and B. Servatius, editors, Matroid Theory, volume 197, pages 171–313. American Mathematical Society, Contemporary Mathematics, 1996.

[16] W. Whiteley. Rigidity and scene analysis. In J. Goodman and

J. O’Rourke, editors, Handbook of Discrete and Computational Geometry, pages 893–916. CRC Press, 1997.

[17] F. Zhang, B. Grocholsky, and V. Kumar. Formations for localization of robot networks. In Proceedings of the 2004 IEEE International Conference on Robotics and Automation, April 2004.