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Abstract

We extend the notion of Lo-B-discrepancy introduced in [E. Novak, H. WoZnia-
kowski, Lo discrepancy and multivariate integration, in: Analytic number theory.
Essays in honour of Klaus Roth. W. W. L. Chen, W. T. Gowers, H. Halberstam,
W. M. Schmidt, and R. C. Vaughan (Eds.), Cambridge University Press, Cam-
bridge, 2009, 359 — 388] to what we want to call weighted geometric Lo-discrepancy.
This extended notion allows us to consider weights to moderate the importance of
different groups of variables, and additionally volume measures different from the
Lebesgue measure as well as classes of test sets different from measurable subsets
of Euclidean spaces.

We relate the weighted geometric Lo-discrepancy to numerical integration de-
fined over weighted reproducing kernel Hilbert spaces and settle in this way an open
problem posed by Novak and Wozniakowski.

Furthermore, we prove an upper bound for the numerical integration error for
cubature formulas that use admissible sample points. The set of admissible sample
points may actually be a subset of the integration domain of measure zero. We
illustrate that particularly in infinite-dimensional numerical integration it is crucial
to distinguish between the whole integration domain and the set of those sample
points that actually can be used by algorithms.

1 Introduction

It is known that many notions of Ls-discrepancy are intimately related to multivariate
or infinite-dimensional numerical integration over corresponding normed function spaces,

see, e.g., [Zar68, Woz91, Hic98, SW98 HWO01, NW0la, NWO01b, NW09, DP10, NW10]



and the related literature mentioned therein. In particular, Novak and WozZniakowski
introduced in [NW09] (see also [NW10, Chapter 9]) the quite general notion of Lo-B-
discrepancy. Here B refers to a function that maps elements ¢ from some measurable
Euclidean set D to measurable subsets B(t) of RY. The L,-B-discrepancy of a point set
{t1,...,t,} and real coefficients ay, ..., a, is then taken with respect to the class of test
sets B = {B(t)|t € D} and a probability density p on D,

1/2

dief () (b = | [ (vouB(t))—ZaﬂB(t)(tj)) ptyr |

where 15 is the characteristic function of the set B(t) and vol(B(t)) is the d-dimensional
Lebesgue measure of B(t), see also Section 7.1. Novak and Wozniakowski showed that the
Lo- B-discrepancy corresponds to multivariate numerical integration over a Hilbert space
with some reproducing kernel K related to the class of test sets B and the probability
density p.

Their notion of Lo-B-discrepancy does not take into account the concept of weights to
model the different importance of distinct subsets of coordinates, which is often helpful to
overcome the curse of dimensionality. In the context of multivariate numerical integration
such weights were probably first studied by Sloan and Wozniakowski in [SW9S].

In their new book [NW10] Novak and Wozniakowski posed the open problem to extend
the notion of Lo-B-discrepancy to include weights and to find relations of the new dis-
crepancy notion to multivariate numerical integration over weighted reproducing kernel
Hilbert spaces (cf. [NW10, Open Problem 35]).

In this paper we introduce the even more general definition of weighted geometric Lo-
discrepancy!, which allows not only to consider weights, but also admits measures that
may differ from the Lebesgue measure on domains that are not necessarily measurable
subsets of R?. Especially, it covers discrepancies related to infinite-dimensional numerical
integration. We prove relations of this discrepancy notion to numerical integration over
corresponding weighted reproducing kernel Hilbert spaces and thus, in particular, settle
the open problem posed by Novak and Wozniakowski.

The paper is organized as follows: In Section 2 we introduce the setting we want to
consider and state the general assumptions we want to make throughout the paper. In
Section 3 we define the weighted geometric Lo-discrepancy and in Section 4 we introduce
the numerical integration problems we want to study. We call the worst case error of
integration by linear algorithms “weighted numerical discrepancy”. With this notion the
central question of Section 5 can be put as “Under which conditions do weighted geometric
discrepancy and weighted numerical Lo-discrepancy coincide?”. Of special interest is
the situation, where the test sets which are used to determine the discrepancy and the
measures on these classes of test sets exhibit a certain product structure, see Section
5.2. In Section 6 we prove an upper bound for the weighted geometric and the weighted

IThe term “geometric discrepancy” has been used in the literature before, see, e.g., the title of the
monograph [Mat10], but, as far as we can see, this term has never been defined in a rigorous way.



numerical Lo-discrepancy. Stated in the setting of numerical integration, we prove that
there exist linear algorithms using n admissible sample points such that the integration
error is smaller than a constant divided by y/n. By refining the standard quasi-Monte
Carlo averaging proof technique, we get this result also for sets of admissible sample points
which may form a subset of measure zero of the actual integration domain. In Section 7
we discuss several examples.

2 General Assumptions

Let (M, X, 1) be a measure space. We assume M to be o-finite, i.e., M can be written as
a countable union of sets of finite measure.

Let I be a countable index set which may have finitely or infinitely many elements. For
vellet (M, 3%, 1) be a o-finite measure space, which is related to the measure space
(M, %, 1) in the following way: There exists a surjective measurable map ®, : M — M,
such that y, is the direct image of yu under ®,, i.e., u, = po ® 1. In particular, we have
po (M) = pu(M).

Most important for us is the case where &, is some kind of projection and thus
typically a non-injective function. Hence we understand ®;! not as a function on M,,
but as a function on the power set of M, — it maps each subset A of M, to its pre-image
P 1 (A):={me M|d,(m) € A}.

Let B, be a subset of 3., consisting of sets of finite measure, endowed with a o-algebra
¥(B,) and a probability measure w,. We put B := (B, ),c;. We assume for all v € I that
the function

Xv: M, x B, —{0,1}, (z,,B,) — 1p,(z,) (1)

is measurable with respect to the product o-algebra ¥, ® 3(B,) on M, x B,. Due to
Tonelli’s theorem the function

B, v uy(B,) = / 1, () djay ()

M,

is measurable with respect to X(B,). Additionally, we require that

/ i (B,)? dw,(B,) < 0. (2)

v

Let v := (7,),es be a family of non-negative weights, i.e., v, € [0,00) for all v € I.

Furthermore, we consider a subset S of M which we want to call set of admuissible
sample points. For many discrepancies and numerical integration problems S will be equal
to M. But for some numerical integration problems, in particular for infinite-dimensional
integration as described in Sect. 7.4, S will be a proper subset or even a null set of M.
With regard to such applications it is particularly important to distinguish between S
and M in Sect. 6 and Theorem 6.1.



3 Weighted Geometric L,-Discrepancy

For v € I we define the local (geometric) discrepancy function of a multi-set of points
{t1,...,tn,} in M, for a multi-set of real coefficients {ay,...,a,} and a test set B, € B,
by

disc(By, {tju}, {a;}) = w.(By) Zaleu iw) (3)

and the weighted geometric Lo-discrepancy for a multl—set {t1,...,t,} in M with respect
to B = (B,),er and v = (7,)ver by

1/2
discy, ({t;}, {a;}) : (Zv/ disc(B,, {®u(t))}, {a;})* dw, (B ,,)> : (4)

vel

We suppress the attribute “weighted” if all weights except of one are equal to zero. We
deduce from (3)

discy  ({t;}, {a;})
(Z Y [/ V ) dwl,(B,,) -2 Z aj/ NV(BV)lBV ((I)V(tj)) de(BV)

vel
) 1/2

We are mostly interested in the situation where discg ,({t;},{a;}) is finite for any choice
of {t;}. Due to (5) and (2) this is always satisfied for finite I, and, if the weights v decay
rapidly enough, also for infinite I, see the examples in Section 7. If, e.g., u(M) is finite,
then it is sufficient that ) _, 7, < co.

Let us define the nth S-minimal weighted geometric Lo-discrepancy discgﬁ(n, S) by

(5)
+ Z a;a; / 15, (®,(t:))15, (®,(t;)) dw,(B,)

2,7=1

discg,y(n, S) = inf{discgv({tj}, {a;})|t1,...,th € S,a1,...,a, € R}.

4 Integration on Weighted Reproducing Kernel Hil-
bert Spaces

Let (IN(V)V@- be a family of reproducing kernels }N(l, : M, x M, — R. That is, for each
v € I the function K, is symmetric

IN(V(xl,,yy) = IN(V(yV,xV) for all z,,y, € M,

and positive semi-definite

Z l?y(xi,xj)fifj >0 forallneN, zq,...,2, € M,, &,...,& €R.

ij=1



In general, we denote the reproducing kernel Hilbert space of a reproducing kernel K
by H(K) and its scalar product by (-, -)m(k). Our standard reference for the theory

of reproducing kernel Hilbert spaces and their kernels is [Aro50]. We assume that K, is
measurable on M x M for all v € I. For each v € I the function K, defined by

K, (z,y) = K, (®,(z),®,(y)) forall z,y € M,

inherits from K, the properties of symmetry and of positive semi-definiteness, and is
therefore a reproducing kernel on M x M. Furthermore, K, is measurable on M x M.
Let us assume that
Z%Ky(x,x) < oo forallze M, (6)
vel
which, of course, is trivially satisfied if I is a finite set. Since

K, (z,y)]> < K, (2, 2)K,(y,y) forall z,y € M,

the function K, defined by
K (x,y) = Z”y,,KV(w, y) forall z,y € M, (7)
vel

is well-defined. K, is a measurable map and a reproducing kernel on M x M, see [Aro50,
Sect. 1.9, Thm.II]. The corresponding Hilbert space H(K,) can be described as follows: If
we assume for convenience that I = N and v, > 0 for all v € I, we may define for n € N
the Hilbert space F,, =Y _, H(K,) with the norm

11 = min Y v M ol
v=1

where the minimum is taken over all decompositions f = >"_, f,, f, € H(K,). Put
Fy := UpenFh, endowed with the norm || f|lo = lim, .« || f]|». (The limit exists, since we
have for n > m and f € F,, that ||f||, < ||f|lm.) Now fi: M — Ris in H(K,) if and

only if there exists a Cauchy sequence ( fén))neN in Fy with
fo(z) == lim fén) (x) forall x € M. (8)
The norm of fi in H(K,) is then given by

i e,y = mim T £ o,

where the minimum is taken over all Cauchy sequences (f{™)pen in Fy that satisfy (8).
Recall that due to the reproducing kernel properties we have
K,(,y) € H(K,) foralye M

and
f(]f) = <f7 KV<'7'I')>H(KW) for all f € H(K’Y)a reM

(and the same holds, of course, if we substitute all s by any fixed v € I).
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Lemma 4.1. For allz € M and all v € I we have K, (-,x) € H(K,). Furthermore,
T) = Z'YVKV('7$)7 (9)
vel

where the sum converges unconditionally to K. (-,z) in H(K,).

The lemma follows again from [Aro50, Sect. 1.9, Thm.II].
We assume that H(K,) consists of integrable functions with respect to p and that the

integral
:@ﬂmwm

is a bounded linear functional on H(K,), i.e, that the function

/ K (z) € H(K,). (10)

Note that
I(f) = ([, hy)r, forall fe H(K,);

the function h, is called the representer of Z in H(K,).
From Lemma 4.1 follows for all y € M that K,(-,y) is integrable with respect to u
and

/MKV(I,y)d,u() (hy, Ko ( H(KW)—ZVV Y)) H ()
vel (11)

—Z%/nydu ().

Furthermore, h, € H(K,) implies that h, is integrable with respect to p and

oty = [ ([ Kot aute)) duty) < o (12)

Notice that ||h,| (k. ) is the operator norm of Z. Since we are only interested in non-
trivial integration problems, we assume ||h, || (k) > 0. Furthermore, we assume that the
kernel functions

K., and K,,v € I, are integrable on M x M (13)
and
//Kﬂﬁydﬂ ) dply Z%//Kfvydu ) dp(y). (14)
vel

In the important case where for each v € I the kernel K, takes only non-negative values
(see Sect. 5), (12) and Tonelli’s theorem already imply the integrability of K, on M x M
which in turn, together with the dominated convergence theorem, ensures the integrability



of the K,s and (14). For convenience, we want to call weights v that ensure that all
assumptions made above are satisfied admissible weights.
Let @, be a linear algorithm given by

Qn(f) = Zajf(tj) with ¢,...,t, € S and a4,...,a, € R. (15)
j=1

Then
Z(f) = Qu(f) = {f. hym)ux,y forall f e H(K,),

hoym = hy = Z a; K, (-, t5).
j=1
If we want to approximate the functional Z by the linear algorithm @),,, then the worst
case error of the approximation taken over the norm unit ball of H(K,) is given by

e (Qn, H(KY)) = sup [Z(f) = Qu(N)| = [hynllmcx,)- (16)

1A ey <1

where

In the case of finite-dimensional integration of functions defined on [0, 1] whose mixed
first partial derivatives are square integrable, the quantity ||| (k) was called gener-
alized Lo-discrepancy in [Hic98]. In the case of infinite-dimensional integration of func-
tions defined on [0,1]Y it was simply called Lo-discrepancy in [HWO1]. To distinguish
it clearly from the weighted geometric Lo-discrepancy defined in (4), we prefer to call
eV (Qn, H(K,)) = || hynllH(Kk,) the weighted numerical Ly-discrepancy of the linear algo-
rithm @, (or of the corresponding multi-sets {1, ..., t,} of sample points and {a1, ..., a,}
of coefficients). As in the case of the weighted geometric Lo-discrepancy, we drop the at-
tribute “weighted” if all weights 7, except of one are equal to zero.
We obtain

" (Qu, H(K,))?

=N iy = 2D ailhe, Ko (ot)mgey) + Y aiai (K (1), Ky () e,
Jj=1

ij=1
[ [ Ko duty) - 23" 0 [ Kot dula) + 3wkt t)
M JM j=1 M ij=1
Thus we have
e (Qn, H(K,))?

=2 [ | [ Kt dut) =230 [ Koot dute) + 3wt ts)|
- o (17)

where in the case of infinite I the identity follows from (11) and (14).
Let us also define the nth S-minimal worst case error e"*(n, S, H(K,)) by

e"(n, S, H(K,)) = inf{e""(Qn, H(K,)) | Q. as in (15)}.



5 Relation between Weighted Numerical Integration
and Weighted Geometric Ls-Discrepancy

We are interested in the question when do weighted numerical Lo-discrepancy and weighted
geometric Lo-discrepancy coincide, that is, under which conditions does the identity

" (Qu, H(K,)) = disey, ({t;}, {a;}) (18)
hold?

5.1 The General Case

Let us first assume we have

K, (z,y) = /B 1, (P, (2))1p,(P,(y)) dw,(B,) forall z,y € M and allv € I.  (19)

The function K, defined by (19) is measurable on M x M due to (1), the measurability
of ®,, and Tonelli’s theorem. It is indeed a reproducing kernel, since it is obviously

symmetric and also positive semi-definite: Let n € N, zq,..., 2, € M, and a4, ...,a, € R.
Then
n n 2
> Ky (wi,x5)a0; = / (Z aﬂ&@u@i))) dw, (By) = 0.
ij=1 By \ i=1

We have to assume (6), which is now, e.g., satisfied if } ., 7, < oo. Furthermore, we
assume that H(K,) consists of p-integrable functions and that integration is a bounded
linear functional on H(K,), i.e., that (10) holds. Then, due to the fact that the K,s are
non-negative, condition (13) and (14) are also satisfied.

Under these assumptions (19) implies that identity (18) holds independently of the
choice of the finite sequences {t;}, {a;}, and the admissible weights v = (7, ),e7. Indeed,
due to our assumptions p, = po @, and the measurability of y, defined in (1), and to
the theorem of Fubini and Tonelli,

//K z,y) du(z) duly /// 15, (@, ()15, (P, (y)) dw,(B,) du(z) du(y)
= /B (/M 1p,(®,(2)) du(x)>2 dw, (By)
- / V ( / V 1BU<§V)duy(§y)>2 dw,(B,)

_ / 1o (B,)? dw, (B,).

v



Furthermore,

[ Kot duto = [ ( / 1By<<1>y<x>>du<x>) 1, (®,(15)) des(B)
= [ BB (20(1) dir(B,).

v

Hence identity (18) follows from identity (5) and (17).

A comparison of (5) and (17) reveals that condition (19) is not only sufficient, but
also necessary for (18) to hold for all choices of {t;}, {a;}, and 7. It is even necessary if
we restrict ourselves to the case n = 2, arbitrary ay,ao > 0, t1,t5 € M, and admissible
positive weights «. This is easily verified by first varying the positive weights ~, which
shows that for each v € I the corresponding summands in (5) and (17) have to be equal,
and then, for fixed v, t1, and t9, varying the coefficients a; and a,.

Theorem 5.1. Let v = (v,),er be a sequence of weights, and assume that (6) holds. Let
K., be the reproducing kernel defined by equation (7). Furthermore, assume that H(K,)
consists of p-integrable functions and that (10), (13), and (14) hold.

If additionally condition (19) is satisfied, then the identity

" (Qn, H(K,)) = discg,, ({t;}, {a;}) (20)

holds for all linear algorithms Q,(f) = Z;;l a;jf(tj), ai,...,a, € R, t1,...,t, € S.
Consequently, we have

e"(n, S, H(K,)) = discgw(n, S).

Condition (19) is also necessary for (20) to hold for all choices of sample points {t;},
coefficients {a;}, and admissible weights .

Corollary 5.2. Let the assumptions from Theorem 5.1 hold. If additionally (19) holds,
we have the following generalized Zaremba inequality

‘/M fx)du(z) =Y aif (t:)] < discs, ({t;} {a) | e,

=

forall f € HK,), t1,...,t, €S, and aq,...,a, € R.

5.2 The Product Structure Case

Here we want to study a situation where condition (19) can be simplified reasonably. Let

us assume that there exists a set M , and a class B of subsets of M , endowed with a
o-algebra ¥(B) and a probability measure @ such that the following holds:

Assumption 1. For each v € I exists a number n(v) € N such that

(i) M, is the n(v)-fold Cartesian product of M, i.e., M, = H:l:('i) M,

9



(i) each B, € B, is an n(v)-fold Cartesian product of sets in B, i.e.,

n(v)
B, =x""B: HB

=1

BeB,

(iii) the o-algebra (B,) on B, is the n(v)-fold product o-algebra of S(B), i.e.,
2(B,) = &iL%(B),

w) the measure w, on >(B,) is the n(v)-fold product measure of W, i.e., w, = ®7~1(V)@
( ) p ) ) =1

(Formally, the product o-algebra ®. ?E(E) is defined on the n(v)-fold Cartesian
product H o1 B but as a measure space we simply 1dent1fy X 1) B with H )B. As
long as, e.g., ) ¢ B, we have the canonical bijection H — X, (1)8 (By, ... ,B W) —

| n(v) B;; note that the empty set is irrelevant for dlscrepancy questions, since it always

leads to the trivial local discrepancy zero.) For j = 1,...,n(v) let &,; : M — M
denote the jth component function of ®,, that is <I> = (<I),,1, 9, n(l,)) Furtherrnore

Assumption 1 and (1) ensure that B — 15(r) is a measurable map on B for all r € M.
Under Assumption 1 condition (19) reads

K, (z,y) = H /~13(<I>V,i(x))13(<l>y,i(y)) dw(B) forall z,y € M and all v € I.

Thus, defining the reproducing kernel Kon MxM by

K(r,s) = /ng(r)lg(s) d&(B) for all r,s € M, (21)
B
we get
()
K (z,y) = [[ K(®ui(x), ®i(y)) forallz,y € M and all v € 1. (22)
i=1

On the other hand, it is easily seen that under the assumption that (22) holds for some
function K : M x M — R, the conditions (19) and (21) are equivalent (apart from the
fact that in the case where all n(v) are even, we have the additional freedom to multiply
K in (21) by a factor —1).

Note that (22) implies that the reproducing kernel Hilbert space H(K,) is of ten-
sor product structure. More precisely, we have that H (KV) is equal to ®n(y)H (IN( ), the
complete n(v)-fold tensor product Hilbert space of H(K), see, e.g., [Aro50, Sect. L.g].

Theorem 5.3. Let the assumptions of Theorem 5.1 hold, and let Assumption 1 be satis-
fied.

10



(i) Condition (19) implies for all v € I that the reproducing kernel K, is of product
structure (22) with K as in (21), and the reproducing kernel Hilbert space H(K,)
is the complete n(v)-fold tensor product Hilbert space of H(K )

(#9) Let condition (22) hold. Then condition (19) is equivalent to condition (21). In par-
ticular, condition (21) is sufficient and necessary to ensure for all linear algorithms
Qn(f)=>"_1a;f(t;), ar,...,an € R, t1,...,t, €S, and all admissible weights ~

that ~
wor(Qm ( )) d18027<{t } {CLJ})

(If all v are even, this holds only modulo the restriction that we have the additional
freedom to multiply K in (21) by —1.)

Notice that for Theorem 5.3 it is completely irrelevant whether the measure p on M,
or the measures u, on M,, v € I, have product structure, see also the example given in
Subsection 7.2.

6 An Upper Bound for the Integration Error

Let us assume that condition (19) holds. Furthermore, we assume that (M, X, i) is a finite
measure space, i.e., u(M) < oo, and that ) ., v, < oo. The set S C M of admissible
sample points should be measurable.

If additionally (M \S) = 0, then we can prove an upper bound on e"*"(n, S, H(K,)) by
averaging over all properly normalized quasi-Monte Carlo algorithms that use admissible
sample points. Now, in some applications, we may not have u(M \ S) = 0. Actually, in
infinite-dimensional integration under realistic assumptions we have rather p(S) = 0, see
the example in Subsection 7.4. That is why we require the following weaker conditions:

There exists a sequence (Vy,)men in I which satisfies

o, (M, \ @, (S)) =0 forall me N, (23)

and additionally, we find for all v € I an my € N such that for all m > mg there exists a

measurable map
U,,: M, — M, with U, ,0®, =o,. (24)

(Indeed, these conditions hold if u(M \ S) = 0, since we may formally extend I by some
index k ¢ I, define (M, %, i) := (M, %, ) and put 7, := 0 and v, := & for all m € N,
and U, , ;== ®, and ®,, := Id,, for all m,v € N.)

If for v, and v € I condition (24) holds, we write ¥ < 1,. Note that this relation
implies p, = p,,, o ¥, 1 ie., p, is the direct image of u,,, under ¥, ,. Recall that (19)

implies K, (z,y) = K, (@l,(x),cb,,(y)) € [0,1] for all x,y € M.
From (17) we get for all m € N and all linear algorithms of the form

Qn(f):@zn:f(tj), t,.. . tn €S, (25)

11



the estimate

€ (Qny H(KL))? < fn(@u (1), B () + 20(M)* Y s

VAVUm
where
fm(Tla-"aTn> Z 71/|:/ K (xuayl/> d/i,,(i[f,,) d:ul/(ylf)
V=V, v My
B W (7)) di (2, o). (7))
1,7=1
form,..., 7, € M,, . For any m we can average for fixed n over f,,(71,...,7n), T1,...,Tn €
®,, (S). Due to (23) we get
o .
- (1, ooy ) dpy, (11) - o dpy, ()
ILLVm (®Vm(S))n (q)um (S))n
1

= STy oo ) dpy,, (11) <o dpy,, (75
i L) oy (11 ) dpt, (11) -+ - gty (7)

= Z 'y{/ K, (@0, y0) dp () dp (y)

_ EZ / B Ky (0, U (7)) dpty () dpa, (77)

v, I/(Ti)a \Ijm,u(Ti» d:uum (TZ)

M, Ym

Z /M L E mm),\Ifm,,,m))duymm)duym(rj)]

:E S [M(M) /M K, (2,,7,) du,(z,) —/V . Ky (20, 4) duu(xu)duu(yu)}-

V=Um

Due to (19) we have
; Ky (2, ) dpi (2,) < (M) = p(M).
For given n € N we may choose m = m(n) € N such that
MY < - Z %/ Ky (20, 9,) dpny () dp (y)-
VAV m

(Recall that the sum on the right hand side converges to Hh7||§{( K,y > 0 for m — oo, see

(12), (14) and the following comment. Furthermore, we assumed that the weights (7, ),es
are summable.)

12



From this follows that there exists at least one normalized quasi-Monte Carlo algorithm
(@, that uses n admissible sample points with

ewor(anH(Kv)) < /‘L(M) \\/_/% vel ’Yu.

Altogether we have proved the following theorem.

Theorem 6.1. Assume that ), v, < 0o, p(M) < oo, and that the set S of admissible
sample points is a measurable subset of M. Assume that (19) holds and let the weighted
reproducing kernel K., be defined by equation (7). Assume furthermore that (10) holds.

If W(M\ S) = 0 or if the weaker conditions (23) and (24) hold, then there exists a
normalized quasi-Monte Carlo algorithm Q,, as in (25) such that

wor WOor ILL(M) V Zz/ ﬁyV
" (n, S, H(K)) < €™ (Qn, H(K,)) < S, (26)
NLD
or equivalently, there exists points ti, ..., t, € S and coefficients a; = ... = a, = u(M)/n
such that
M)~/ v
discgv(n, S) < discgv({tj}, {a;}) < p(M) \/%:VEIV .
Remark 6.2. In Theorem 6.1 we actually did not need condition (19) to prove the
estimate (26), but only the weaker condition that K, takes only values in [0,1] for all
v € I. In general, it is sufficient to get a (properly scaled) version of estimate (26) if all
the K,s are non-negative and uniformly bounded.

7 Examples

Here we want to discuss some special cases of the quite general notion of weighted geo-
metric Ly-discrepancy from Section 3 and relate them to numerical integration on corre-
sponding reproducing kernel Hilbert spaces.

7.1 Ls-B-Discrepancy

We start with the Lo-B-discrepancy as defined in [NWO09], see also [NW10]. This dis-
crepancy fits in our more general definition if we make the following choices: Let M be
a measurable subset of R?, 3 the Borel o-algebra, and p the d-dimensional Lebesgue
measure restricted to M. Furthermore, let I = {1}, 74 = 1, and let ®; : M — M be the
identity mapping. Let By = B be a class of measurable subsets of M with UgegB = M.
For a given positive integer 7(d) let D C R™4 be Borel measurable and p : D — [0, 00) a
probability density.

Let B : D — B, x — B(x) be a parametrization such that the mapping (¢,z) —
1p(z)(t) is measurable on M x D with respect to the product o-algebra. (The last impor-
tant measurability condition was actually forgotten in [NWO09], but is added in the more
recent and more comprehensive exposition in [NW10, Chapter 9].)
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Formally, we endow B with the o-algebra
Y(B) ={AC B|B'(A) Borel measurable}.

Let the probability measure w on B be induced by the probability measure p(z) dz, where
dz is the 7(d)-dimensional Lebesgue measure, that is,

W(A) = / p(z)dz  for all A€ N(B).
B-1(4)

For these special choices the weighted geometric Lo-discrepancy defined in (4) is nothing
but the Lso-B-discrepancy

9 1/2
disef ({t:}, {a,}) = / <vol<A>—Zaj1A<tj>) dw(A)

1/2

— /D <v01(3(x))—2aj13<w>(tj)> p(x) dz

defined in [NWO09]. In this situation Theorem 5.1 and Theorem 6.1 (under the additional
assumption S = M) were already proved in [NW09]. If K? denotes the reproducing
kernel corresponding to discy, then condition (19) becomes

KB(y, 2) = /D 1oy (®) sy (2)p(a) da for all y, = € M.

More concrete examples for Lo- B-discrepancies as, e.g., the centered discrepancy [Hic98],
the quadrant discrepancy [HSW04, NW09], the extreme discrepancy [MC94| or the periodic
ball discrepancy [CT09] are discussed in [NW09, NW10]. That is why we confine ourselves
in the rest of this section to present examples of (weighted) geometric Lo-discrepancies
which are not covered by the notion of Lo-B-discrepancy.

7.2 (G-Discrepancy

The d-dimensional Lo-G-discrepancy or Lo-G-star discrepancy is defined as the Lo-B-
discrepancy in the special case where M = D = [0,1], the mapping B is given by
B(z) = [0,z) (where [0,2) = [0,21) X -+ x [0,24) for a vector z = (z1,...,24)), and
p = 1, except that © = ug is in general not the d-dimensional Lebesgue measure, but
some probability measure given by a distribution function G via u([0,z)) = G(x) for all
x € [0,1]% Thus

1/2

discs ({t:}, {a;}) = /

[0,1]¢

(G(I) =il (tj)) da

=1
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The reproducing kernel K¢ of the corresponding Hilbert space of d-variate functions is
given by

d
chl;(yaz) :/[01} 1[09@)( )1[036 dl’—H/ [0,6) y] 1[0£ Z] H 1_maX{yj72j})

and does actually not depend on G. Using the short hand l?(f,n) =1 —max{&,n}, we
see that

d
Kd Y,z HK y]azy
7j=1

i.e., condition (22) is satisfied (and condition (21), too).

K¢ is the kernel of the Sobolev space anchored in 1, which is, e.g., described in
[INW09, NW10].

This example underlines that the choice of the measure p = ug on M effects the form
of the discrepancy discg, but not the kernel K¢ or the Corresponding reproducing kernel
Hilbert space H(K{) (but obviously the integration problem Z(f) = [, f(z)duc(z) w
want to solve).

Seemingly, the Lo-G-discrepancy has not been studied so far, in contrast to the (L )-
G- or G-star discrepancy

disc ({t;}, {a;}) = sup G(x)—zaﬂ[o,x)(t)

z€[0,1]¢

which has applications in quasi-Monte Carlo importance sampling, see, e.g., [()kt99].
Further results on the G-star discrepancy can, e.g., be found in [GR09].

7.3 Weighted L,-Star Discrepancy

Let d € N, and denote the set {1,...,d} by [d]. For a family of weights v = {7, }uc[q the
weighted Lo-star discrepancy of a multi-set {t1,...,t,} in [0, 1]? and coefficients ay, . . ., a,
in R is defined as

dici (0 A = | S [

To get from our definition of the weighted geometric Lo-discrepancy the special case of
the weighted Lo-star discrepancy (which is sometimes also called weighted Lo-discrepancy
anchored at 0), we just have to make the following choices:

Let M = [0,1]¢, ¥ the Borel o-algebra on [0,1]%, and u the restriction of the d-
dimensional Lebesgue measure to [0,1]%. Let I = {u|u C [d]}. Let M, = [0,1]", where
lu| denotes the cardinality of the set u, and let ¥, be the Borel o-algebra on [0, 1]"!.
Furthermore, let

1/2

(Hx Z%Hlox t,”) d,

JEU

o, : [0, 1]d — [0, 1]‘“' , T = (xi)le — (T veu-
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Then p, = po®; ! is nothing but the restriction of the |u|-dimensional Lebesgue measure
to [0, 1]/, Furthermore, let B, = {[0,&,) | &, € [0,1]™}. As a measure space we identify
(Bu, 2(B,),w,) via the mapping ¢ : [0,1] — B,, & ~ [0,&,) with the measure space
(M, %0, p). (Note that for |u| > 1 the map ¢ is not injective, since +(§) = ) for all
¢ € {y € [0,1]]3i :y; = 0}; but this is irrelevant for our purpose, since the latter set
has zero |u|-dimensional Lebesgue measure.)

Clearly, for each u C [d] the function

Xu * [07 1]2|U| - {07 1}7 (xuuyu) = 1[07yu)(:€u)

is measurable, and we have
/ ([0, 9))? dp() = 371 < o0
[0,1]1l
Condition (19) reads now as follows:
Kolo,) = [ 1o, (0ul0)) Lo, (0,(0) dou(B)

- / Lo, (Pu(2)) 10,60y (Pu(y)) A€y
[0,1]!ul

1
=11 / L) (7)1, (y;) d€
jEU 0
=TI — max{z;, y;}).

This leads us to the weighted reproducing kernel

Ky (z,y) = Z Vulu(,y) = Z Tu H(l — max{z;,y;}).

uCld] uCld] jEuU

The resulting Hilbert space is the weighted Sobolev space with mixed partial derivatives
of order 1 anchored at 1, and is, e.g., discussed in detail in [NW09, NW10]. In that
situation identity (20) and Theorem 6.1, under the assumption S = M, were proved in
[SWO8] for product weights. For general weights the corresponding results can be found
in [NWO09].

Due to the product structure of the sets M, = [0, 1], of the classes of test sets

B, = {H[O,xj)

JEU

Vieu: ij[O,l]},

of the o-algebras X, of the measures w, = d§, = ®,¢,dE, and of the kernels

Ku(z,y) = [ [ K(z;,95), with K(&n) =1 —max{¢ n},

JEU
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condition (19) is equivalent to

1
K(r,s) :/ Loy (1)1 (s)dt Vr,s € [0, 1], (27)
0

as described in Theorem 5.3.

7.4 Infinite-Dimensional Integration and Limiting Discrepancy

Quite recently, there have been several papers on deterministic infinite-dimensional nu-
merical integration on weighted reproducing or quasi-reproducing Hilbert spaces, see
[KSWW10, NHMR10, Gnel0, PW10]. An earlier paper dealing with infinite-dimensional
integration and discrepancy is [HWO01]. We want to discuss the setting studied in these
papers.

Let I = {u C N||u| < co}. We consider here the setting described in [KSWW10] in
Sect. 5 “Generalization”: - -

Assume that there exists a Borel measurable set M C R, a point a € M, and a
reproducing kernel K : M x M — R with K(a,a) = 0. The last condition implies
fla) =0 for all f € H(K). Assume further that the corresponding Hilbert space H(K)
is separable and define

Ky(xy,yu) = Hf?(xj,yj) foruw e I and z,,y, € M, = M, (28)

JEuU

Each f, € H(K,) is a function defined on Ml which satisfies fu(zy) = 0 if at least one
component of x, is a. With

D, M= MY = M, = M‘ul, (z5)jen = (25)jeu

let us write Ky (z,y) = Ku(®u(2), Pu(y)) for all z,y € MY. We define

H, = {qu

uel

fu€ H(K,), ZVJluqu%{(Ku) < OO}

uel

for a sequence of weights v = (V4)uer. Under the assumption (6) H, is a reproducing
kernel Hilbert space with norm

1/2
11y = (Z lellfullfq(Ku)> if f=Y fu. with f, € H(K,),

uel uel

and reproducing kernel K., defined by (7), i.e., H, = H(K,). Then H, = @, H(K,)
with orthogonal spaces H (K,).

Let now p be a probability density on M and f(s) = p(s)ds. Let p be the infinite-
dimensional product probability measure ®,,enji-
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As in Section 4, we consider the integral

=/Mf(w)du(:v)
to= ([ [ &t )drd5)1/2<oo

1/2
= (Z %fh?'“') < o0,

uel

By requiring that

and

it was ensured in [KSWW10] that (10) holds, i.e., that Z is a bounded linear functional
on ‘H., = H(K,), and its operator norm is given by Ay, see (12).
The set of admissible sample points is given by

S ={x € M |z; = a for all but finitely many j € N}.

Notice that S is actually a set of measure zero, i.e., u(S) = 0. But, with u; = [d], we
have that the sequence (uq)qen satisfies the conditions (23) and (24) if we choose for all
u < ug

Wau s My — My, (25)je) = (%)) jeu

hence in this setting the relation “=<” is the inclusion relation. B

If there exists a set system B of measurable subsets of M, a o-algebra Z(B) on B,
and a probability measure & on (B, %(B)) such that condition (21) holds, then, due to
Theorem 5.3 and Theorem 6.1, we know that for any n € N there exists a normalized
quasi-Monte Carlo algorithm @,, of the form (25) such that

o (Qu () < Y2 (29

A similar estimate was proved in [HWO1] in the case where M = [0,1]N. There the
assumption that condition (21) holds was weakened to sup, , 57 |K(r,s)| < oo, see also
Remark 6.2. But the authors assumed that the set of admissible sample points is the whole
set M. In that case we are allowed to use sample points with infinitely many components
different from the nominal value a, an assumption which will in practice usually not be
realizable. . N

Let us have a look at the special case where M = [0,1] and K(r,s) = []
max{r, s}). From the previous subsection we know that

1 —

jEu(

1
K(r,s):/ 1[0@)(7’)1[0@)(5) dx,
0
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i.e., condition (21) holds. Formally, the discrepancy corresponding to the integration
problem is the weighted Lo-star discrepancy with d = oo, i.e.,

1/2

dises ({15} ) = | X [

uel [0,1] lul

(H T~ Z%’ H 1[0,%-)(%,;')) dx

JEU k=1 JEU

In the case of product weights this discrepancy was baptized “limiting discrepancy” in
[SWO8]. Here, we have the estimate (29).

For further bounds on the worst-case error of infinite-dimensional integration we refer
the reader to the articles [Gnel0, HW01, KSWW10, NHMR10, PW10] and the literature
mentioned therein.
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